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B Three Basic Types of Motions (single particle)
Trandlational Motions
Vibrational Motions
Rotational Motions

B Atomic Structures
Electronic Structures of Atoms
One-€electron atom / Many-electron atom



Free Trandlational Motion
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B All values of energies are possible (all values of k)
B Momentum e* > p =+kn e —=p =-ki
B Position = See next page
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A particlein abox S
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Consider aparticle of massmis
confined between two walls

3 V=0 for 0O<x<L
é V= for x=0andx=1L
’ AV vy =Ep
m 2m dx
0 © :
0: L X | kzhz
_— o~ w, =Csinkx+Dcoskx E, = o

l

All the same solution asthe free particle
but with different boundary condition



A particle in abox

B Applying boundary condition
W, = Csinkx+ D coskx

y(x=0=0 — D=0
w(x=L)=0 CsnkL=0 — kL=nr

w.(X)=Csin(nzx/L) n=123,.. ———* ncannotbezero

B Normalization
C2L
2

=1

L2 oft. o B
jo w, dx=C Iosm (nzx/ L)dx =

1/2 21/2
C:H wn(x)=(Ej sn(nx/L) n=123.. E=
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A particle in abox
- Properties of the solutions

B n: Quantum number (allowable state)

E/(h%/8mL?)

2 1/2
wn(x):(tj sn(nzx/L) n=123,...

B Momentum

1/2

y/n(x):(%j S|n(n7zX/L)—— — (€™ k_—

9

fog)

~

o

a

1.9

w

N

|—

Classically
allowed
energies

N

e — p, =+kn
Probability : 1/2

“=p,=

Probability : 1/2




A particle in abox

- Properties of the solutions

B ncannot bezero (n=1,2,3,..))
Lowest energy of a particle (zero-point energy) E, h*

If aparticleisconfined in afinite region (particle' s
location is not indefinite), momentum cannot be zero

B |f the wave function isto be zero at walls, but
smooth, continuous and not zero everywhere, the it
must be curved - possession of kinetic energy



Wave function and probability density

2) .
W’ (X) :(—jsmz(n;zx/ L)
L \

With n—eo, more uniform distribution:
corresponds to classical prediction

*correspondence principle”

=2



Orthogonality and bracket notation [t
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Orthogonality

jv/;%-dr =0 —— Wave functions corresponding to different
energies are orthogonal

Dirac Bracket Notation

j'w;y/n.dr:<n\n'> 0 (nzn)

(n|n’)=0 (n|ny=1

<n| 13 BRA”

|n1 > (13 K ET” Orthonor rml

=0rthogonal + Normalized
(n|n)=48,, —> Kronecker delta




Motion In two dimension

2 /32 2 2m dx?
IOV OV gy || wky) = XY (Y) |~
2m{ ox> oy’ 2 2
_h_d X =E_X
Separation of Variables 2m dx®>
E=E, +E,
Solution 1
2 1/2 nlﬂX 2 1/2 nﬂy
X (x)=(—j sin—— nz(y)=[—] sin—2
B L L L, L,
1/2 1/2 2 2 2
2 2 . nax . nuy _(nl nzj h
XY)=|—| |—| sin==sin n =
l//nl,nz( y) (Llj (sz L1 L2 & Lf Lg 2m




The wave functions for a particle
confined to a rectangular surface




B Degenerate:

If L,=L, then
2\ . X . 2ny
X, y)=| — |sih=—sin—=
Wyi,(X%Y) i 2 2
2\ . 27X . ny
X,y)=| —|sin sin
l//z,l( Y) L L L

5h?

5. = 8mL?
5h?
21~ g1 2
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Two or more wave functions correspond to the same energy

the same
energy

T with different

wave functions



Dedthetam

2\ . 27X . ny
X, = — [9N——3N—
W,1(%Y) (Lj L L

(2 X 2y
o[ 2)insn

If L #L, ,thewavefunctionsarenot degenerate
» The degeneracy can be traced to the symmetry of the system




Motion In three dimension

:EW

he (0%w 0w %y
+—>+
2m{ ox*  9y* 07°

Solution 1

o0 B8
A\L‘ i

A2t

L,

mhet 1201202 Jom
2 3

L, L,

2 1/2 2 1/2 2 1/2
Wnl,nz,fh (X’ y’ Z) = (_j (_j (_] Sln nlﬂx Sln nZﬂysn n3ﬂy

L,




|f the potential energy of a particle doesnot riseto
infinity when it isin thewall of the container and E<V ,
the wave function does not decay to zero

B Theparticle might befound outside the container
(leakage by penetration through forbidden zone)

)
i

Incident wave

-

\v/\

Reflected wave

Wavefunction

T124THERD

Heavy
particle

Light
particle

Transmitted
wave

Wavefunction




Use of tunneling

B STM (Scanning Tunneling Microscopy)

piezo
scanning unit

metallic

tunnel current

Enhanced
electron

tunnelling

electrically conductiong surface



Vibrational Motion

B Harmonic Motion

o O W@
B Potentia Energy k : force constant
vzéwz l
B Schrodinger equation

e dy 1
_n OV -
2m dx* 2 v

N
reduced mass
mm,
m +m,

ﬂ:



Wave Functions

2 1/4
v, =NH, (y)e" a=[—j y=
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Energy Levels

1/2
E, =(v+%)ha) a):(%J v=012,...

Table 12.1 The Hermite
polynomials H, (y)

v H,

0 1

1 2y

2 4y% - 2

3 8y3 — 12y

4 16y* — 48y* + 12

5 32y° — 160y> + 120y

6 64y°® — 480y* + 720y* — 120




Energy Levels

uncertain, momentum cannot be zero

=0 B8
i &8

Je{tigta
1 K 1/2
Potential energy E,=(v+ E)ha) W= (E] v=012,...
V= Lie 5 Quantization of energy : comes from B.C
2 w,=0 a x=too
) N ls
\ Potential /
energy, V
s Ev+1 — E\/ = ha) 5 |.... 5
Displacement, x l LL|> \ /
PPN o RS 4
E,=-ho S /
2 % i = A 3
i ]
SR 2
T
Reason for zero-point energy - the T \ !
particle is confined : position is not | \ / A

Displacement, x
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Quantum tunneling




The properties of oscillators R
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B Expectation values

(Q)=(v|Q]v) = _[WVQ w, dx
B Mean displacement and mean square displacement

1 h
(=0 (X)=e ) gm
B Mean potential energy ana mean Kinetc energy

(e =Ll 1 1
<V>_<2I°(>_2(V+2)(mk)“2 — (V)=3E (&J)=3E

B Viria Theorem

If the potential energy of a paticle has the form V=ax®, then its mean
potential and kinetic energies are related by



Rotation in Two Dimensions : «
Particleson aring Deicpera

Angular
momentum

B A Rotational motion can be described by its angular
momentum J

J : vector
Rate at which a particle circulates
Direction : the axis of rotation

J=lw
| : moment of inertial | = mr?
@ angular vdocity

B A particle of mass m constrained to movein acircular ,
path of radiusr in xy-plane E=p°/2m

V =0 everywhere J =+pr
Total Energy = Kinetic Energy




Rotation in Two Dimension

Schrddinger egn.

B.C
W (9+27) =y, ()

Wave Functions

The wave function
have to be
single-valued

Vo @)= e M =0
Energy Levels
_Jp _m’

n2l 2l

\

00 62
A\L i
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0

: First
/~ Second circuit
circuit

AVIRN
(@)
—Second First
circuit circuit

VAAVE

0
(b)



Wave functions

B States are doubly degenerate except for
m=0 4

i

s —
3
<

o
\_
I

lmyl =2

Iml =1 S Re v

LU

Thereal parts of wave functions



Rotation in Three dimension B

-l podgm)]

B A particle of mass mfree to move anywhere on the 3D surface or a sphere

B Colatitude (H® &) : @
B Azimuth (222 : ¢
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Table 12.3 The spherical
harmonics Y}, (8, ¢)

l m,y le .m,

1/2
3
1 (0] —_— cos @
_ 47
1/2
3
5 | F| — neée
81t

Wave Functions

Y, (8,9) :spherical harmonics

1=012,... m=11-11-2,. - , (2
|

16m
Energy Levels i
+1 +[ﬁ] 5 e — 1)sin @
E :l(l +1)— +2 %} sin?6 cos @ e*2
2| +3 +[—Ei]”2.m o
647t




Wave functions

(21 + 1) fold degeneracy

I=0,m=0

Orbital momentum quantum
number

| =012,,...

I=2,m=0 Magnetic Quantum number

l=1,m,:0

| m=11-11-2,.-
\-/ [=3,m=0
« >

“

I=4,m=0

L ocation of angular nodes
Wave functions
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Angular Momentum

B The energy of arotating particle

Classically, E:J_Z
Quantum mechanica 21
hZ
E=1(1+1)— | =0,12,...
T L

B Angular Momentum
Magnitude of angular momentum =1 (I +2)}h"*
Z-component of angular momentum =m#

J2qrhetm



Space Quantization

B The orientation of rotating body
IS quantized : rotating body may
not take up an arbitrary
orientation with respect to some
specified axis




Space Quantization
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Angular momentum L (l,,

. 1)
|, = h/2mi {-sin$(d/d0) -cotd cosh(d/dp)}
|, = h/2xi {cosd(a/a6) -cotd sind(d/0g)}
l, = h/2ri (d/9¢)

B The vector model

ly, I, do not commute with each other. (I, I, |, are complementary
Sbservables)

uncertainty principle forbids the ssmultaneous, exact specification of
mor e than one component (unless|=0).

-If I, isknown, impossibleto ascribe valuestol,, I,.



The Vector Model
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The vector
representing the
state of angular
momentum lies
with itstip on any
point on the mouth
of the cone.




Experiment of Stern-Gerlach IR
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B Otto Stern and Walther Gerlach (1921)
Shot a beam of silver atoms through an inhomogeneous magnetic field
Evidence of space quantization

(b) ()

The classically The Observed outcoming
expected result using silver atoms



B Stern and Gerlach
observed two bands using silver atoms (2)

The result conflicts with prediction : (21+1) orientation (|
must be an integer)

B Angular momentum due to the motion of the electron
about itsown axis: spin
B Spin magnetic number : m,
m,=s, s-1,...,-S "
Spin angular momentum — (Ej % = 0.8667
B Electron spin 4
s=%
Only two states
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Fermions and Bosons AL
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B Electrons: s=1/2
B Photons: s=1

Fermions

Particles with half-integral spin (s=1/2)
Elementary particles that constitute matters - Electrons, nucleus

Bosons

Particles with integral spin (s=0,1,...)
Responsible for the forces that binds fermions - Photons
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Atomic Structure
and Atomic Spectra



B Electronic Structure of Atoms
One Electron Atom : hydrogen atom
Many-Electron Atom (polyelectronic atom)

B Spectroscopy
Experimental Technique to determine electronic structure of atoms.

Spectrum
* Intensity vs. frequency (v), wavelength (A), wave number (v/c)



Structure and Spectra of

Hydrogen Atoms

B Electric discharge is passed through gaseous hydrogen , H, molecules and H atoms
emit lights of discrete frequencies

A/nm
o O
O Ooco O o o o o o
O OO0 O O o o o} N o
ANl mOO LW <+ [ap] [aV] ~— - —
T T T 1
|Visible

[ T I I I I T
gt

||| puemmesy |
Analysis 1 ll|||u Paschen
II" Brackett




Spectra of hydrogenic atoms R
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B Bamer, Lyman and Paschen Series ( J. Rydberg)
n, =1 (Lyman)
n, = 2 (Balmer)
n, = 3 (Paschen)
n=n+1,n +2, ...
R, =109667 cm-! (Rydberg constant)

B Ritz combination principle
The wave number of any spectral line is the difference between two terms

T, =" FoT,-T,

The wave lengths can be correlated by two integers
- Two different states



Spectra of hydrogenic atoms R
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B Ritz combination principle
Transition of one energy level to another level with emission of energy as photon

B Bohr frequency condition

High
AE = hv = hcT, — hcT, i e,
Emitted
photon
XN Z=EHL E+= electromagnetic radiation 2 \/\/\/\/\/\/
F=0& S8 X +==Z Net= . | hv=E-F
Ceth BAS2 2 I =0 A dEetS JHE = /JUSS
o 2 ALk Low
| _ _ _ energy
g2 =H=s EAHES 0186t 5l 0K dES state E,
wot= AOICH




The Structure of Hydrogenic Atoms [t
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B Coulombic potential between an electron and hydrogen atom ( Z : atomic number ,
nucleus charge = Ze)

~ Ze®
Are r
B Hamiltonian of an eectron + a nucleus

V =

2 2 2
H = EK dectron T EK nucleus +V =— ! cha o ! Vil - ze
’ ’ 2m, { 2m, { 4re,r
Electron Nucleus

coordinate coordinate



Separation of Internal motion R
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B Full Schrodinger equation must be separated into two
equations
Atom as a whole through the space
Motion of electron around the nucleus

B Separation of relative motion of electron from the motion
of atom as awhole (Justification 13.1)




2 2
Hy = Ey o gy, L

2
Separation of Variable :

Energy is centrosymmetric /
Energy is not affeced by

| t (Y) r.0,6)=R(r)Y(6,
(ustlication 18.2) p(r.0,0)=RNY(0.9)

/

AZY = —| (| _|_1)Y » Y  All the same equation as in Chap.12

(Section 12.7, the particle on a sphere)
Spherical Harmonics

72 (dZR 2 drR

— ZIu ar +Rdrj _Vef-f R=ER R : Radial Wave Equation

New solution required

ze’ (1 +Dn?
Vg =— 2 + 5
TTE T 241




The Radial Solutions

-l podgm)]

d? R 2 dR
21\ dr? Rdr

j V,, R=ER

Solution Ry = (polynomial in r) x (decaying exponential in r)

27r . Are hi®
v Reduced distance P = Bohr Radius 8y =—2
% me
Allowed Energies
Z? e’ .
E =- 2‘2 >— Wwith n=123...
327 eoh n Associated Laguerre polynomials

Radial Solution

Ru=Ny [ 2] L (e




Table 13.1 Hydrogenic radial wavefunctions

Orbital

18

28

n

[\

L

I

0

nl

1 o £

EANS:
Ly )

] / ','.' '
2 ’ j ’ (2 A Zp)eH
2-{2-] \ Qg ) N

4 32
l ( // . 4
{ ol
4(6)"% | a,

372

1 ' 7 ""[( ) PRI
— | (6 —2p + =p*)eTF?
9(3)"2 | a, _.l P 9t

, T 7 ._ll. 32

27(6)"2 | a, )

)G

(4 ’_¢ plpet

)

1 (zZ)"
81(30)2 | a, |

06

ple P

The full wavefunction is

RY, where Y is given in Table 12.3. In the table, p = 2Zr/a,,.
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Atomic Orbital and Their Energies S
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B Quantum numbers n,l,m

n: Principal quantum number (n=1,2,3,...) ——  Shell
» Determines the energies of the electron
—_ZHE it n=123..
32z eshn
an electron with quantum number | has angluar
momentum —  Sub Shell

N0+0)?h with 1=01,..,n-1

An electron with quantum number m has z-component
of angular momentum
m/z with m, =0,t1+2,... I



The energy levels

B Bound/ Unbound State

Bound State : negative energy
Unbound State : positive energy (not quantized)

B Ryberg const. for hydrogen atom

)
32r*eh’

hcR, =—

B |onization energy
Mininum energy required to remove an electron

form the ground state
Energy of hydrogen at ground state n=1 lonization Ener gy
4
e
=—hcR, =1° | =hc
El RH 327[2Q§h2 I?H

Energy of widely
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separated stationary
electron and nucleus

Continuum

0 H" + e
hcRy 3
9
hcRy 2
4
Classically
allowed

—-hcRy

energies




Shells and Subshells

Shell
n=1(K), 2(L), 3(M), 4N)
Subshell (1=0,...., n-1)

1=0(s), 1(p), 2(d), 3(f), 4(9). 5 (h), 6 (i)

B Examples
n=1
e | =0 > only 1s(1)
n=2
e |=0,1 225(1),2p(3)
n =3

« 1=0,1,2- 3s(1), 3p (3), 3d (5)

B n?-fold degenerate

m s are limited to the value -,..,0, ...

number of orbitalsin n,, shell : n?

+

Energy
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S p d f
3 3p 3d
(11 Bl [5]
25 2
I
Subshells
s p d
H-HEN EEEEN
M shell, n =3
™ N EEE
[1] L shell, n =2
Kshell, n =1
Orbitals
Shells



Waysto depicting probability density N &
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Electron densities Boundary surface
(Density Shading) (within 90 % of electron probability)



Radial Nodes

0
. Wave funCtI On becomes Table 13.1 Hydrogenic m(lml\tmulmns
Zero ( R(r) — O) Orbital n__ I\ R
For 2s orbital : | : \41

o 2 0 ‘_I,‘, ‘ - | 2 - 3p)e
2(2)"\a, ) A
r:2a0/z FARY: )
2p 2 1 ! ‘.‘ i pe pf
4(6)"% 1 a, )
. 3s 3 0 ()‘.;l:'l‘.‘l i ‘Ii‘ - T:"u)"lk‘ 0l6
For 3sorbital : )
? 2 : 8 | (4 - Lpjpe-lt

27(6)" | a, |

r=190a,/Z r=7.10a,/Z AT

" f
81(30)2 | a, |

The full wavefunction is yw=RY, whgre Y is given in Table 12.3. In the table, p = 2Zrfa,.



Radial Distribution Function SO
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m Wave Function |y
probability of finding an electron in any region

B Probability Density (19)

—27r [ a

yf <e
B Probability at any radiusr =P (r)dr  P(r) = 4ar%y?

B Radial Wave Function : R(r) P(r) =r?R(r)?

B Radia Distribution Function : P(r)
dr & ot =&0| = L.

1sorbital Ol CHGHXH

3

P(r) — 4Z3 rZe—ZZlf/ao

%




Radial Distribution Function TRy
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Wave function Radial Distribution Function
06r

0.4 k.

0.2

| | | |
r Radius rlag

Bohr radius

Yy drt

P/(Z/a,)?




1> 0

B p-orbita

p-Orbital

B Nonzero angular momentum

yoe

Wavefungtion, 174
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D-orbital
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=2
m=+2,+1,0,1,2

i
il
UL

T
i)



Spectroscopic transitions and Selection rules JL
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B Transtion (change of state)

> E - Z?ue’
n]_, Il’m1 nz, |21m2 " 327z2e§h2n2

Photon
AE =hv

B All possible transitions are not permissible

Photon has intrinsic spin angular momentum : s=1
d orbital (I=2) - sorbital (I=0) (X) forbidden
» Photon cannot carry away enough angular momentum

with n=123...




Selection rule for hydrogenic atoms

B Sclectionrule — 2
Allowed Al=+1 Am =041 Paschen
Forbidden

Balmer

15238 cm™ (
20 571 cm™ (
23 039 cm™ (
24 380 cm™ (

(f)

H L
HB)
HY)
Hs)

B Grotrian diagram

102 824 cm™’
97 492 cm™’
82 259 cm™'

Lyman




Structures of Many-Electron Atoms S
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B The Schrodinger equation for many electron-atoms
Highly complicated
All electrons interact with one another
Even for helium, approximations are required

B Approaches

Simple approach based on H atom
e Orbital Approximation

Numerical computation technique
» Hartree Fock self consistent field (SCF) orbital



Pauli exclusion principle R
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B Quantum numbers
Principal quantum number : n
Orbital quantum number : |
Magnetic quantum number : m
Spin quantum number : m,

B Two electrons in atomic structure can never have all
four quantum numbers in common

B All four guantum number = “Occupied’



Penetration and Shielding S
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B Unlike hydrogenic atoms 2s and 2p orbitals are
not degenerate in many-electron atoms

electronsin sorbitals generaly lie lower energy
than p orbital

electrons in many-electron atoms experiences
repulsion form all other electrons - shielding

B Effective nuclear charge, shielding constant

Ly =L—-0O

Z. :effectivenuclear charge
o :shielding constant



Penetration and Shielding S
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B An s electrons has a greater “penetration”
through inner shell than p electrons

B Energies of eectronsin the same shell
s<p<d<f

B Vaenceedectrons

electrons in the outer most shell of an atom in Its
ground state

largely responsible for chemical bonds



The building-up principle [
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B The building-up principle (Aufbau principle)
The order of occupation of electrons
1s2s2p 3s 3p 4s 3d 4p 5s 4d 5p 6s

There are complicating effects arising from electron-electron
repulsion (when the orbitals have very similar energies)

B Electrons occupy different orbitals of a given subshell
before doubly occupying any one of them

Example : Carbon
o« 192822p% > 129 2p,12pt (O) 12222p2 (X)

B Hund’ s maximum multiplicity principle

An atom in its ground state adopts configuration with the greatest
number of unpaired electrons

TT favorable H unfavorable



3d and 4s orbhital

B Sc alom (Z=21)

[Ar]3d,

[Ar]3d,4s,;

[Ar]3d,4s,

B 3d haslower energy than
4s orbital

B 3d repulsion is much
higher than 4s (average
distance from nucleusis
smaller in 3d)

Energy




| onization ener gy NN
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B |onization energy

|, : The minimum energy required to remove an electron from many-
electron atom in the gas phase

|, : The minimum energy required to remove a second electron from
many-electron atom in the gas phase

or Be :2<?

B : 2s%p!

I/eV

Li:2st

|
0 20 40 60 80 100



Self-consistent field orbital I
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B Potential energy of electrons

vo-y 2 +_z

— 4mee, [, 47ze€ r;

B Central difficulty = presence of electron-electron interaction
Analytical solution is hopeless
Numerical techniques are available

» - Hartree-Fock Self-consistent field (SCF) procedure (HF method)



Schrodinger equation for Neon Atom (
1s°2s°2p°, 2p €lectrons 4
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n? o, ‘ —
— 2rne V1W2p(r1) > Kinetic energy of electron
2
Ze » | Potential energy (electron —nucleus)
_47Z'€I‘ WZp(rl)
o1

( * — Columbic oper ator
4+ € J Zj d (I’Z) d (rz)dz-z}wzp(rl) (electron — electron charge density)
: I
L

12

-

Wi (1,) W, (1)
e ) ZJ‘

dz,
dre, |5

L r12
— E2 pWZp(rl) \

(Spin correlation effect)

> Exchange oper ator
v, ()

Sum over orbitals (1s, 29)



HF Procedure

S

=0 B8
&8
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B Thereisno hope solving previous egn. analytically
B Alternative procedure (numerical solution)

Assume 1s, 2s or bital

\ 4

Solve 2p

A 4

Solve 2s

A 4

Solve 1s

l

CompareE and
wave function

Converged

v

Solution
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B Orbitals of Na using SCF calculation

—— 18

2p

2S
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B \What Is adegeneracy ?
B Explain four quantum number.

B \Why transition between two states are not always
allowed ?

B Explain difficulties of solving Schrodinger
eguations for many-electron atoms.



