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which ean be re-arranged. ignoring higher order terms in (u — ug) to
estimate the root as
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Start up MATLAB and type COMSOL Multiphysics in the command
window. After several splash screens, you should be facing the Model Navi-
yntor window, Follow the steps in Table 1 to set up a 0-D application mode

Lo solve the nonlinear polynomial equation:

ul + v —du+2=0. (3)

U= Uy —

I'hysics: Subdomain settings specifies the equation to be satishied in each
sibdomain in Table 1. Notice the equation in the upper left given in vector
notation. In 1-D, this equation can be simplified to
dht d i chi
dy— —— |c— +auy | +au+g—=f. (4
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Clearly, av and 3 are redundant with the simplification to 1-D. Since we
want to find roots in 0-D, however, all the coeflicients on the LHS of (4)
cin be set to zero. By rearranging the polynomial, we can readily see that
=4 and f=u*+u?+2. Note that we diseretize the domain with a single
element by specifying the maximum element size to be one, giving us 0-D!
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Root finding example in eoeflicient mode. File name: rootfinder. mph.

Model Navigator

Select 1-D. COMSOL Multiplivsics: PDE modes:PDE, coeffi-
cient form

Draw Menu

Specify objects: Line. Coordinates pop-up menu. = : 0 1
name: interval OK

Physics Menu:
Boundary settings

Select domains: | and 2 (hold down Crrl key)
Select Neumann boundary conditions
Leave defaults g = 0 g = 0 OK

Physics Menu: Sub-
domain settings

Select domain: |1
Sete=(la=4; f=ud+u"2+2;d, =0
Apply. Select init tab: set u(ty) = ~2 OK

Mesh menu: mesh | Set maximum element size |

parameters Hit remesh. OK

Solve mem: solver | Stationary nonlinear. Solve. OK
pArameters

Post-processing: Boundary selection: 1. Expression: «. OK

Point Evaluation




By specifying the initial guess of as u(tp) = —2, we find the root nearest
to this value. If vou are wondering why a = 4 was set, rather than all of the
dependence put into [, it is so that the finite element discretization of the
HHS of (4) does not result in a singular stiffness matrix.

The post-processing stage shows the result in the ontput window:

Value : —2.732051, Expression : u, Boundary : 1.
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‘Table 2. Reoot finding example in general mode, File name: rifindgen.mph.

Model Navigator 1-D, COMSOL Multiphysics:PDE mades, general form
Upﬁl-:ms Y Set Axes/Grid to [0,1
Draw Name: Interval; Start = [; Stop = |
" Physics Menu/ Set both endpoints (domains) to Neumann BCs
Boundary Settings
Physics HEL['={I:du=ﬂ;F=u3+uﬂ—-l*Tl+i'
Menu /Subdomain
Hh‘ILiILE;Ei
Mesh mode Set Max element size, general = 1; Remesh
'___:"-_iiﬂvn Use default settings (nonlinear solver, exact Jacobian)
Post-process || After five iterations, the solution is found. Click on the graph
\ | toread out u = (L,73205]1. Play with the initial conditions to
" | find the other two roots

Table 3. HRoot finding in ODE settings.

Menu: ODE | Name: v. Equation: tanh({v) — v"2 4+ 5 OK

peenu:  solver | Stationary noolinear, Solve. OK
rrs

rocessing Point evaluation. Boundary 2. Expression: o

window Value: —2 DOSEIE, Expression: v, Boundary: 2
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A liquid hydrocarbon mixture undergoes a flash to 3.4 bar and 65°C.
The composition of the liguid feed stream and the “K™ value of each com-
punent for the flash condition are given in the table. We want to determine
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com position of the vapor and liquid product streams in a flash distillation
process and the fraction of feed leaving the flash as liquid. Table 4 gives
the initial composition of the batch.

Table 4. Intial composition to the Hash anit anod
partition coefficients K at eqguilibrinm.

| Component | X, | K ok h"n‘t mul 3.4 bar
[ thane | 0.007% | 16.2 Fr
Propane 101281 | 5.2
i-Butane 0.0849 | 2.6 o
| n-Butane | 0.2690 | 1.98
| -Pentane | 0.0589 | 0.91
n-Pentane 0.1361 | 0.72
Hexane _1_ 0.3151 | 0.28




A material balance for component 1 gives the relation
Xi = (1 - @)ws + ¢,
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ere X; is the mole fraction in the feed (liguid), z; is the mole fraction

the liquid product stream, y; is the mole fraction in the vapour product,

¢l i is the ratio of liquid product to feed molar flow rate. The definition

the equilibrium coefhicient is K, = y; /x;. Using this to eliminate z; from
Ll balance relation results in a single equation between y; and X,
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Table 6. Flash distillation examnple.

Model Navigator

Select 1-D. COMBOL Multiphysics:PDE modes: PDE, general
form

paran 1 Lars

Draw Mem Specify objects: Line. Coordinates pop-up menu. = 0 1
e interval (K
Options: Enter the data from Table 4
Constants X1, 0.0079, etc
Options: Scalar Define expression for the terms in the RHS of (8)
Expressions t1—Xif(L—ue{l-1/K1))
tz — Xaf(1 —u=(l—1/Ka)) ete. o
Phy=ics Menu: | Select domains: | and 2 (hold down "E!THT{'E:} o
Boundary settings Select Neumann boundary conditions
Leave defaults g =0 g =0 0K
“Physics Menu: Sub- | Select domain: 1 o
domain settings St F=14+t +to4 - ttr:dag=0
Select Init tab; set u(ty) = 0.5
[ Mesh menu: mesh | Set maximum element size 1
parameters Hit remesh,. OK |
Solve mem: solver | Stationary nonlinear, Solve, OK .

Post-processing:
Paint Evaluation

Boundary selection: 1. Expression: u. OK

Report Mndm- Value : 0458509, I-.}:prrn-:rtnu M
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Table 6. Time integration by marching of a simple example.

Model Navigator Select 1-D. COMSOL Multiphysics:PDE modes: PDE, general
form Insert dependant variables: wyug
Select Element: La.grung_e-Line-nr

Liraw Menu Specifly objects: Line. Coordinates pop-up menu. = 01
name: interval QK
hysics Menu: | Select domains: 1 and 2 (hold down Ctrl key)

Boundary settings Select Neumann boundary conditions
Leave defaults g =0 g =0 OK

'_p'h}'siﬂs Menu: Sub- | Select domain: 1

dlomain settings Set Fy = —ug, Fh = u;
Select Init tab; set uy{ly) =1

Mesh memi: mesh | Set maximum element size 1

parameters Hit remesh. OK
Solve menu: solver T‘im&-dapendﬂnt solve. Enter on General tab
paramelers Times: linspace (0, 2%pi, 50)
Solve, OK
Post-processing: Point tab. Accept the default of u,

Cross-section  plot | General tab. Accept the default of all times
parameters OK
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A tnbular reactor is used to dehydrate gaseous ethyl alcohol at 2 bar
and 150°C. The formula for this chemical reaction is

Cngf"Il —% F-‘__:-l'h i Hgn

Some experiments on this reaction have suggested the reaction rate
expression at 2 bar pressure and 150°C, where C4 is the concentration of
ethyl alcohol {mol/litre) and R is the rate of consumption of ethyl alcohol
(mol/s/m®):
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'he reactor is to have a 0.05 m diameter and the alcohol inlet flowrate is
to be 10 g/s. The objective is to determine the reactor length to achieve
varions degrees of aleohol conversion. We wish to determine reactor length
for the outlet alcohol mole fractions 0.5, 0.4, 0.3, 0.2, and 0.1.
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Assuming small heat of reaction, plug flow and ideal gas behaviour, it can
be shown that the reacting flow is described by four ordinary differential
equations in terms of the dependent variables Cgq, Cw (the water concen-

tration), V (the veloeity) and z (the distance along the reactor from the
inlet):



Table 7.

Tubular reactor design modelling steps in COMSOL Multiphysics.

Model Navigator

Belect 1-D. COMSOL Multiphvaice:PDE rn||:m:lw.tﬂ:F’flE~r general
forim

Sot dependent variables: wyugugig

Select Element: Lagrange-Linear. OK

Draw benu

Specily objects: Line, “Coordinntes pop-up menu. x 01
name: interval OK

Options
Clonstants

Menna:

Fill out the table as below
MName Expression

F 200000

T 423

H 8314

MM 46

Flowrate 0.01

Dia 0.05

C B/(RT)

area pi*Dia"2/4

rho MM*C

vel Flowrate /rho/area
OK

Options Menu:
___Sl:ula.r Expressions

Defing rate = 527« u;” 2/{1 + 0.003 /w1 )

Physics Ml
Boundary settings

Select domains: 1 and 2 (hold down Ctrl key)
Select Neumann boundary conditions
Leave defaults g = 0 g = 0 OK

[ Physics Menu: Sub-
domain settings

Select domain 1

F tab; set Fy = —rates (1 +u1/C); Fi = rate * {1 — ux/C);
F3 =rate « ua /7 Fy = uz)/C

Init tab; set uq({ty) = C; ua(tp) = vel. OK

Mesh menu: mesh | Set maximum element size 1

parameters Hit remesh. OK

Solve menu: solver | Time-dependent solve. Enter on General tab
parameters Times: linspace (0, 100, 1060}

Solve. OK

Fost-processing:
Cross-section
paramietors

plat

Point tab. Accept the default of u,
General tab. Accept the default of all times
OK
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One of the major advantages of the finite element method is that it
naturally solves two-point BVPs. As an example, the reaction and diffusion
prjuation in 1-D is

D iFu

where @ is the concentration of the species, D is the diffusivity, L is the
length of the domain, R(u) is the disappearance rate by reaction, and x
is the dimensionless spatial coordinate. If the unknown function u(x) is
approximated by discrete values u; = u(z;) at the grid points © = x; =
i Ar, then with central differences, the system of eguations becomes

R(u),
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where M;; is a tridiagonal matrix with the diagonal element —2, and 1 on
the super and subdiagonals:
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We will now illustrate the solution of (21) with COMSOL Multiphysics
on a small 1-D domain with first order reaction R(u) = ku and repre-

sentative values for the resulting dimeunsionless parameter, the Damkohler
mumber:

_ KL (0% Y1078 ')
g = D 1.2 x 10~ m?/s = 0.533,

and with boundary conditions 1 =1 at # = 0 and no flux at u = 1.



Tuble 8 ODE example of o two-palt boundary viduo problem i a reaction-diffusion

ayslenm.
Mordel Navigator Seleet 1-D COMSOL Multiphysics PDE modes:PDE,
corflicwent lorm
Set dependent variabile: w
Select Element: Lagrange-Linear. OK
Dirawe Menu pecily objeets: Line. Coordinates pop-up menu. z:

0 1 name: interval OK

Physics Menu: Boundary
settings

Select domains |

Check Dirichlet and set h=1; r =1
Select domain 2

Select Neumann boundary conditions, OK

Physica Menu:  Subdo- | Select domain 1
main settings Set U=-1; f=0833=u;d; =0
( Select Init tab; set wilp) =1-=2
OK
Meshing \ Click on triangle symbol to mesh
Solve menu: solver pa- | Note stationary linear default. OK
rameters General tab, Set solution form to “Coefficient”
Solve with button (=)
I'-'ust-prn-u::ming: Select Boundary 2 and expression u. Reports:
Point evaluation Value: 0.861167, Expression: u. Boundary: 2




eat transfer
The steady state heat transfer equation is commonly met in engineering
studies as the simplest PDE that is analytically solvable: Poisson’s equa-
tion, Nevertheless, serics solutions for complicated geometries may be in-
tractable. The author has recently shown that some series so derived are
purely asymptotic and poorly convergent |5|. Consequently, numerical solu-
tions are likely to be better behaved than series expansions. Furthermore,
nny variation on the processes of heat transfer may destroy the analvtic
structure. In this section, we will consider the typical one-dimensional heat
transfer problem in a slab of nonuniform conductivity and a distributed

yource that is differentially heated on the ends:

d [ dT
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Neg=pg=1 Tl|z=1 =0.
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Model Navigator

Select 1-D. COMSOL Multiphysics: Heat Transfer: Conduction:
Steady state analysis. Set dependent variable:
Select Element: Lagrange-Linear. OK

Diraw Menu Specify objects: Line. Coordinates pop-up menu. z: 0 |
name: interval OK
Physica Menu: | Select boundary selection 1

Boundary settings

Set boundary condition: temperature; Tp = 1
aelect boundary selection 2
Set boundary condition; Ty = 0. OK

Physics Menu: | Select domain 1

Subdomain Setk=1;0Q=—xz+(1-x)

settings Select Init tab; set T'(tg) =1 — 2. OK

Meshing Click on triangle symbol to mesh

Solver Click on the solve (=) button to solve
Post-processing: Specify £ = 0.5

Data display Value: 0.474097 [K|, Expression: T, Position: (0.5)




