
2. Principal Component Analysis

• Visualizing multivariate data
• Geometric interpretation of PCA
• Mathematical interpretation
• Example(s)
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Principal Component Analysis
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Visualizing Multivariate Data
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Visualizing Multivariate Data
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Geometric Interpretation
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Geometric Interpretation
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Geometric Interpretation

• In many cases, the swarm of points has a specific shape in some direction.
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Geometric Interpretation
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Geometric Interpretation
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Geometric Interpretation

39유준, Copyright ©



Geometric Interpretation
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Geometric Interpretation
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Geometric Interpretation

42유준, Copyright ©



Geometric Interpretation

• In summary,
• PCA finds a few orthogonal axes of greatest variance in 
data.
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Geometric Interpretation

• New latent variables are linear combinations of the 
original variables.
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Mathematical Derivation

유준, Copyright © 45



Mathematical Derivation

• From linear algebra (or engineering mathematics),
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Mathematical Derivation

유준, Copyright © 47



Predicted value for each observations

• :projected version of 
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Predicted value for each observations
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Square Prediction Error
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Square Prediction Error
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Square Prediction Error
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Column Residual
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Column Residual
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Whole Matrix Residual
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More about direction vectors

유준, Copyright © 56

※ Statistically, loading vectors are eigenvectors of XTX.
Then how about eigenvalues?







XZ

Preprocessing
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Remember 

?



More on preprocessing Data
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How is PCA calculated?
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How is PCA calculated?
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More details next.



How many components?
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Called scree plot



Review of PCA

• What is score?
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Review of PCA

• Score plot – low dimensional summary of samples
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Review of PCA

• What is loading?
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X1 X2 X3Coefficients in the linear combination



Use of PCA

• Improved Process Understanding
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Use of PCA

• Troubleshooting Process Problem

유준, Copyright © 66

-5

-4

-3

-2

-1

0

1

2

3

4

5

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8

t[2
]

t[1]

1000

1001
1002

1003
100410051006

1007

1008

10091010

10111012

1013

1014

1015

1016
1017

1018

1019

1020
1021

1022

10231024 1025

1026
1027

1028

10291030

10311032

1033
1034

1035

1036

1037

1038
1039

1040
104110421043

1044

1045

1046
1047

1048

1049

10501051

10521053
105410551056

1057

1058
1059

1060

1061

1062
1063

1064

1065
1066

1067

10681069

1070

10711072

1073
1074

1075

1076

1077

1078

1079

1080

1081

1082
1083

1084

10851086

10871088
1089

1090

1091

1092
1093

10941095109610971098
1099

1100

11011102

1103
1104

1105

1106

1107 1108

1109
1110

1111

1112
1113

1114

1115

1116

1117

1118

1119

1120

1121

1122
1123

1124
1125

11261127
11281129

1130
1131

1132
1133

1134113511361137
1138

11391140
114111421143

11441145
1146

1147

1148

1149
1150

1151

1152

1153

115411551156

1157
1158

1159116011611162

1163

11641165

11661167

1168

1169

1170
1171

11721173
1174

1175
1176

117711781179
1180

1181

1182
11831184
11851186

1187
1188 1189 11901191 1192

1193

1194

1195 11961197
1198

1199

1200

1201

1202

1203

1204

1205

1206
1207

1208

1209

1210

1211

1212

1213

12141215

1216

1217

1218

1219

1220
1221

12221223
1224

1225

1226
122712281229

1230

1231

1232123312341235

1236

12371238

123912401241

12421243
1244 12451246

12471248
12491250

1251
1252

1253

1254
1255

125612571258
1259
1260

12611262

1263
126412651266

1267

1268
1269

12701271

12721273

1274
1275

1276
12771278

1279

1280 12811282
1283
1284

1285

1286
1287

1288
1289

12901291
12921293

1294

1295
1296

1297
1298

1299

1300

PCA score plot

Cluster 2

Cluster 1

-3

-2

-1

0

1

2

3

4

5

Yk
ap

ch
ip

4

bl
cm

bl
flw

ch
pl

4

ux
t2

lx
t2

uc
za

3

w
lfl4

w
ls

t4

aa
w

d4

ch
m

o4

bs
fl4 lh
t3

uh
t3

cm
fr4

tff
lw

xf
lw

2

f1
8f

w

st
fl3 tc
t4

lq
s4

Sc
or

e 
C

on
tri

b(
O

bs
 1

20
6 

- O
bs

 1
12

3)
, W

ei
gh

t=
p1

p2

V ar ID (Primary)

PCA Contribution plot

v2

v1



Use of PCA
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• Multivariate Stastiscal Process Control (MSPC)



In the next lecture

• Tutorials
• NIPALS algorithm
• A bit more on PCA
• Assignment #1
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