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DEFINITION OF STABILITY

. BIBO Stability

— “An uncongtrained linear system is said to bestableif the
output response is bounded for all bounded inputs. Otherwise
It iIssaid to beunstable.”

o General Stability

— A linear system isstableif and only if all roots (poles) of the
denominator in the transfer function are negative or have
negative real parts (OLHP). Otherwise, the system isunstable.

P What isthe difference between the two definitions?

— Open-loop stable/unstable

— Closed-loop stable/lunstable

— Characteristic equation: 1+G, (s)=0

— Nonlinear system sability: L yapunov and Popov stability
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 Supplements for stability

— For input-output mode,
o Asymptoticstability (AS): For asystem with zero equilibrium
point, if u(t)=0 for all timet implies y(t) goesto zero with time.
— Same as “General stability”: all poles have to be in OLHP.
 Marginallystability (MS): For asystem with zero equilibrium
point,if u(t)=0 for all timet impliesy(t) isbounded for all time.

— Same as BIBO stability: all poles have to be in OLHP or on
the imaginary axis with any poles occurring on the imaginary
axis non-repeated.

— If the imaginary pole is repeated the mode is tsin(wt) and it is
unstable.

— For state-space moded,

 Eventhoughthereareunstablepolesand if they arecancelled by
the zer os exactly (pole-zerocancellation), the system isBIBO
stable.

* Internally AS: if u(t)=0 for all timet impliesthat x(t) goesto zero
with timefor all initial conditions x(0).

— Cancelled poles have to be in OLHP.
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EXAMPLES

 Feedback control system — Ll x,
G.(s) = K, Rk, 4%—% G, [+ G, sl G, Xﬁ% 5
1 1 ] 2
G,(s)= G, (8 =——
(9 2s+1 ( s+1 B Is
1
G (s) =G, (s) = 4
(9=6O =~ . =
i /\\ /\ N
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R(S) 1+GchGme 0 //,/\\"‘\E_‘)’\/—-f_%
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10s° +17s° +8s+1+K_ e i

— Using root-finding techniques, the poles can be calculated.
— AsK_ increases, the step response gets mor e oscillatory.

— If K, >12.6, the step response is unstable.
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« Simple Example 1
GC(S) = Kc’ GV(S) = I<v’ Gm(s) :11 Gp(S) = I<p/(.t pS+1)
Characterigtic equation: 1+ G, (s) =1+ K K K /(t ;s+1) =0
t,s+@+K.KK,)=0 b s=-(1+K KK/t
\ KKK, >-1 for stability
— When K >0 and K>0, the contraller should be reverse acting
(K>0) for stability.
e Simple example 2
G.(s) =K., G,/(9) =1/(2s+1), G,(s)=1, G,(s) =1/(5s+])
Characteristic equation: 1+ K /[(2s+1)(5s+1)] =0
108’ +7s+1+K =0 b s=§7+,/49- 40(1+K ) 20

\ K,>-1 for stahility
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ROUTH-HURWITZ STABILITY CRITERION

« From the characteristic equation of the form:
a,s'+a,,8" +---+as+a, =0 (a,>0)
e Construct the Routh array

=- _ /an-l

Row B = (8182~ @da) By T e A
2 G ] CHPT WP N NP P NP S i

n-1 A
S a'n- 1 n-3 a'n- 5

Y, b,

e e R N
. . ¢, =(ba,s- a,,b)/b c, =- a;; a‘éﬂq

s |z \>O

— A necessarycondition for stability: all a’s arepositive

— “A necessary and sufficient condition for all rootsof thecharacteristic
equation to havenegativereal partsisthat all of theelementsin the
left column of the Routh array arepositive.”
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« Examplefor Routh test
— Characteristic equation
10’ +17s* +8s+1+K_=0
— Necessary condition
1+K, >0pP K_>-1

« |f any coefficient isnot positive, stop and concludethesystemis
unstable. (at least one RHP pole, possibly more)

— Routh array
$|10 8 p, = 178)° 13(“ Re) = 7.41- 0588K,
s |17 1+K, b, =170)-100) _
g bl b2 17
0 c, ¢ = b (1+K,)- 17(0) 14K,
3]
— Stable region

b =741-0588K,>0and K, >-1 b -1<K_ <12.6
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o Supplements for Routh test

— It isvalid only when the characteristic equation is a polynomial
of s. (Time delay cannot be handled directly.)

— If the characteristic equation contains time delay, use Pade
approximation to make it as a polynomial of s.

— Routh test can be used to test if thereal part of all roots of
characteristic equation are less than -c.

e Original characteristiceguation
a,8'+a,,S" ++8s+8=0 (g,>0)

* Modify characteristicequation and apply Routh criterion
a,(s+c)"+a, (s+c) " +--+a(s+c)+a,

= an(]}sn + an¢1sn'l+...+ al(h+ag::o

— Thenumber of sign change in the 1 column of the Routh
array indicates the number of polesin RHP.

— If thetwo rows are proportional or the any of 15 column is
zer 0, Routh array cannot be proceeded.
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« Remedy for special cases of Routh array

— Only the pivot element is zero and othersarenot all zero

* Replacezerowith positive small number (e), and proceed.

o |fthereisnosign changeinthe 1% column, it indicatesthereisa
pair of pureimaginary roots(marginally stable). If not, thesign
changeindicatestheno. of RHP poles.

— Entire row becomes zero (two rows are proportional)

mA o |[timpliesthecharacteristic polynomial isdivided exactly by the
Re polynomial onerow above (alwayseven-orderedpolynomial).

* Replacetherow with the coefficientsof thederivative (auxiliary
polynomial) of the polynomial onerow above and proceed.

im4 o Thissituationindicates at least either apair of real roots
%%R,e symmetricabout theorigin (oneunstable),and/or two complex
pairssymmetric about theorigin (oneunstablepair).
« |[fthereisnosign changeafter theauxiliary polynomial, it
Im Indicated that thepolynomial prior totheauxiliary polynomial
e hasall pureimaginary roots.
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DIRECT SUBSTITUTION METHOD

 Find the value of variable that locates the closed-
loop poles at the imaginary axis (stability limit).

« Example
— Characteristic equation: 1+G.G, =10s’ +17s* +8s+1+ K, =0
— On theimaginary axis s becomes jw.

-10jw® - 17w? +8jw +1+K__ =(1+K_ - 17w?) + jw(8- 10w*) =0
\ 1+K,, -17w?)=0 and w(8-10w*)=0
\ w=0o0orw?=08pP K_=-1orK_ =12.6
— Try atest point such asK =0
10s® +17s° +8s+1=(s+1)(2s+1)(5s+1) = 0 (All stable)
\ Stablerangeis - 1< K, <12.6
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ROOT LOCUSDIAGRAMS

Diagram shows the location of closed-loop poles
(roots of characteristic equation) depending on
the parameter value. (Single parametric study)

Find the roots as a function of parameter

Each loci starts at open-loop poles and
approaches to zeros or +¥.
. 7 Stqbl!lty
‘ 12 limit

For G(s) =N(s)/ D(s)
lIm(D(s) + K.N(s)) = D(s) =0 (poles)

K. ®0 |
lim (D(s) + K, N(s)) = N(s) = 0 (zeros) — / SHe——
EX) (s+1)(s+2)(s+3) +2K,. =0 Open-loop

P K, <30 poles
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BODE STABILITY CRITERION

 Bode stability criterion

“ A closed-loop system is unstableif the frequency response of the
open-loop transfer function G, =G .G,G,G,, hasan amplitude

ratio greater than one at the critical frequency. Otherwise, the

closed-loop system is stable.”

— Applicableto open-loop stable systems with only one critical

frequency
— Example
2K

C

G. =
& (05s+1)°

K. | ARy, Classification
0.25 stable
4 1 Marginally stable

20 5 unstable
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GAIN MARGIN (GM) AND PHASE MARGIN (PM)

« Margin: How close is a system to stability limit?
e Gain Margin (GM)

GM =1/ ARW SRS N

— FEor Stab”lty, GM >1 Critical or Phase

|
crossoverfreq. | "’gt iwff,_} |
« Phase Margin (PM) . B
|
|

PM =1 (W,)+180° R
Gaincrossover o

(deg) Phase

|

i
— For stability, PM>0 freq. margin |
y q \1&\ B
e Rule of thumb s

— Wdl-tuned system: GM=1.7-2.0, PM=30° -45°

— Large GM and PM: duggish

— Small GM and PM: oscillatory

— If the uncertainty on processis small, tighter tuning is possible.

CHE302 Process Dynamics and Control Korea University 10-13




EFFECT OF PID CONTROLLERS ON
FREQUENCY RESPONSE
¢ P
— AsK_,increases, AR, increases (faster but destabilizing)
— No changein phase angle

— Increase AR, moreat lowfreq. —
— Ast  decreases, AR, increases (destabilizing) st
— Morephaselag for lower freq. (moves critical freq toward
lower freq. => usually destabilizing) g
e PD e
— Increase AR, moreat high freqg. 0 O U O

Frequency (radians/time)

— Ast pincreases, AR, increasesat high freq. (faster)

— Morephaselead for high freg. (moves critical freq. toward
higher freq. => usually stabilizing)

CHE302 Process Dynamics and Control Korea University 10-14




NYQUIST STABILITY CRITERION

 Nyquist stability criterion
“If N isthe number of timesthat the Nyquist plot encirclesthe
point (-1,0) in the complex planein the clockwise direction, and
P isthe number of open-loop polesof G, (s) that liesin RHP,
then Z=N+P isthe number of unstable roots of the closed-loop
characteristic equation.”

— Applicable to even unstable systems and the systems with
multiple critical frequencies

— Thepoint (-1,0) correspondsto AR=1 and PA=-180°.

— Negative N indicates the encirclement of (-1,0) in
counter clockwise direction.
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e Someexamples

1st order lag

Imé

!ie

2nd order lag

IméA

e

_/

Stable 3rd order lag + P control

<t

Im A

KK

c

Re

stabl

)

unstable
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CLOSED-LOOP FREQUENCY RESPONSE
 Closed-loop amplitude ratio and phase angle

= | Y(w) e (e
R(jw) N
B |
Y( JW) Y 1.0 - i )
y A 0.8 - |___
R(jw) n
Wy 0

For set point change,
— M should beunity asw ® 0. (No offset)

— M should maintain at unity up to as high afreq. as possible.
(rapid approach to a new set point)
— A resonant peak (M) in M should be present but not greater
than 1.25. (largew, implies faster response to a new set point)
— Large bandwidth (w,, ) indicates a relatively fast response with
ashort risetime.
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ROBUSTNESS

e Definition
“Despite the small changein the process or some inaccuraciesin

the process modd, if the control system isinsensitiveto the
uncertainties in the system and functions properly.”

— Therobust control system should be, despite the certain size of
uncertainty of the modedl,

o Stable
« Maintainingreasonableperformance
— Uncertainty (confidence level of the modd):
e Processgain, Timeconstants, M odel order, etc.
e |nput, output
— If uncertainty is high, the perfor mance specification cannot be
too tight: might cause even instability

CHE302 Process Dynamics and Control Korea University 10-183




