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1STORDER SYSTEM

* First-order linear ODE (assume all deviation variables)

t % — - y(t) + Ku(t) %50 (ts +1)Y(s) =KU (s)

Y(s) _

K — Gain

 Transferfunction:
U(s)

* Stepresponse:
WithU(s) =Als,
KA
stts+1)
— yt)=KAQ- e'")» 0.632KA

Y(s)=

%5 y(t) = KA(L- e')

(t s+1)

» Time constant

y(th

KA

0.632KA

\ 4

— KA@1- €")3 0.99KAP t» 4.8 (Settlingtime=4t ~ 5t )
— y¢0) =KAe " /t| =KA/t 1 0 (Nonzeroinitia Sope)

t=0
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* Impulseresponse
REPRESENTATIVE TYPES OF RESPONSE P P y(t),
With U(9) = A ﬁf\
t
; u(s) P Y(s) KA KA .
* Forstepinputs . o Y(s) = o ) y(t):t_em T -
| m— 12,
Y(t) Type of Model, G(s) * Rampresponse ”
B lils?r;fg;?rinnci)ggllslope,noovershootornoroscillation, With U(S) —a/ 52, » t
i[ 1storder+Time delay Y(S) = Ka %le,@ y(t) =Ka e-t/t +Ka(t -t ) >
Sz(tS'l'l) |12345 th
k: Underdamped oscillation, 2nd or higher order
t Overdamped oscillation, 2" or higher order ¢ SlﬂUSOldal response y(t) ; carrwt
Yy S— WithU(s) =L[Asnwt]|=w/(s* +w?), 3 _anw
_L: Inverse response, negative (RHP) zeros (s) [ ] ( ) W:?ﬂ % |«
: Unstable, no oscillation, real RHP poles Y(S) :%%‘% \W’
’ i (ts+1(s” +w?) 2
&\_/\_} Unstable, oscillation, complex RHP poles KA . mu(t)
y(t) =———(Wwt e - wt coswt +sinwt)
2!!!: Sustained oscillation, pure imaginary poles wt 2+1
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. UItimatesinusoidaIroesponse (t® ¥)

. KA / .
Yo (t) =lim x 2+1(M” - wt coswt +sinwt)
W

:%(—Wt coswt +sinwt)
wt +1

= sin(wt@ f =- tanwt)
Phase angle

Amplitude

— Theoutput hasthe same period of oscillation astheinput.
— But theamplitudeisattenuated and the phaseis shifted.

Normalized = 1 < Ph le = tan'lwt
Amplitude Ratio 2 ase angle —-
(AR Vw2 +1
— High frequency input will be attenuated moreand phaseis
shifted more.
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15T ORDER PROCESSES

e Continuous Stirred Tank S 9y
dc, _ I cna
VE _qCAi - qCA =L >
CA(9) - q — 1 v h
Cu(s) Vs+q (V/g)s+l

— With constant heat capacity and density

d(T- Tg) _ Tod
rVCpTd_qup(To-Trd) | -
-1aC,(T- T )

T(s)_ g _ 1

T,(s) Vs+q (V/g)s+1
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BODE PLOT FOR 15T ORDER SYSTEM

« ARplotasymptote

wp = Ur

AR, (W® 0)= Iim;:1

w® 0 ’Wzt 24 1 Normalized
rati ’

AR (W® ¥)=lim !

1
we ¥ ,JWZ[ 2 +1 wt 0'03.011 T T ™ 00

 Phaseplotasymptote

fw® 0)=- Ii®n(')1tan'lwt =0

fW® ¥)=- %rytan‘lwt =-90°

» Itis also called “low-pass filter”
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INTEGRATING SYSTEM

. % =Ku(t) %5%® sY(s) = KU (9)

 TransferFunction: ﬂ :ﬁ

U s

y(t)
%2 K

| t

* StepResponse
WithU(s) =1/s,

Y(s) =X %9® y(t) =Kt
S

— Theoutput isan integration of input.
— Impulseresponseisa step function.
— Non self-regulatingsystem
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INTEGRATING PROCESSES

» Storage tank with constant outlet flow

— Outlet flow ispumped out by a constant-speed, constant-
volume pump

— Outlet flow isnot afunction of head. | a
dh v
A—=0 - 1
a G-9
\% h
H(S)—i H(S)—-i Qﬁ»
Qi (S) AS Q(S) AS Area = A
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« Casel(z>1) with U(s)=1/s

@ teti_t ze-t/t2 )

Y(s = K K

e Casell(z =)
K K

Y(9) = = 3
© St +2s+]) sts+l?

 Caselll (0£z <))

2.2 = ¥
st s*+2zts+1) st,st1)(t,s+])

V9@ |y(t) =K@ - (1+t/t)e" §

3® |y(t) =K - -2 -
y() g (tl'tz) 2

Nﬁtural frequency

Y(8) =%
St “s° +2ts+1)

yt)=K gl- eztht icoaat+z—sinat (a :lltz)
€

L
i at %H
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2\P ORDER SYSTEM

o 2nd grderlinear ODE

2 4%y ()

t
dt?

+ 2zt dil(tt) +y(t) = Ku(t) %5 (t °s” +2zt s+1)Y(9 = KU ()

 TransferFunction:
Y(S) _
U(s) (t°S +2zt s+1)

L———— Damping Coefficient

K — Gain

» Time constant

» Stepresponse

— Varieswith the type of roots of denominator of the TF.
+ Real part of roots should be negative for stability: z 3 0
» Two distinct real roots( z >1): overdamped (no oscillation)
» Double root (z =1): critically damped (no oscillation)
» Complexroots( Q£z <1 ): underdamped (oscillation)
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« Ultimatesinusoidalresp
With U (s) =L [Asinwt],
KAW

onse

= 3,8
v (t °s® +t s+1)(S+w?) e
KA . 2zwt
y(t) = sinfwt +f ) (f=-tan'——=)
V- w32+ (2zwt )2 1- wi

— Other method tofind ultimate sinusoidal response

For (s+a + jw), y(t) has e@*™" and it becomes ' ast® ¥ @ > 0).

K
(t °s”+ 2zt s+1)

| K

G(s) =

LI G(jw) =

K
1-t W’ +2jztw
| K

AR=|G(jw)|=

4 ImG(jw))
Re(G(jw))
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f =xXG(jw) =tan

@)+ jow| J- wt?)? + (2zwt ¥

an? Zzwt
1-wt ?
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BODE PLOT FOR 2\°P ORDER SYSTEM

1 1
AR p|0'[ ARy (W®¥)_v!/l®r9\/(l wi 2)2 +(22Wt)2 _(Wt )2
. L1o2zwt . 1-2Z _ "
« Phaseplot fw® ¥)-—vlvl®ngtan 1_W2[2_\!vl®ngtan m--lSO
* Resonance ~Kesonance
1 T 10 g—r—r
d(AR,)/ dw = 0 o NG — a1
2 ARy 0.0l i ° ARy 0.1 ;
—_ 1- & 0.001 Slope = ~2 0.01 Jl - ]
Wmax - t 0.0001 Lo oyl s mm-l L ......J P, ™ IDDE? i ! 3
0.01 0.1 1 10 100 000%)01 ’ “81 * ““ml 10 100
for 0<z < 0.707 )
0 . . - o
-45 \ -45} -
The amplitude of output s e __7§ 6 90
oscillation is bigger er) §‘7* o |
than that of input when I ;&i—\ e r:o.Ko.e
the resonance occurs . -180 SR -0l vl
.1 1 10 100 . 0. 1 10 100

wr wr
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CHARACTERIZATION OF SECOND ORDER
SYSTEM |
« 2nd order Underdamped response veper—.  lrexp(zt/t)

— Risetime (t,) i
P
| 1+e(p$
L/

tr =t (p-cos'z)/\1-z% (n=1)

— Time to 1 peak (t,)
to=tp /yfl-22

— Settling time (ty)
ts » -t /z In(0.05)

— Overshoot (OS)
OS:a/b:exp(—pz /\/17) 7 e 7

— Decay ratio(DR): a function of damping coefficient only!
DR=c/a=(0S)*= exp(- Dz /Jl_z)

— Period of oscillation (P) P =2pt /\/1_7
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1ST ORDER VS. 2ND ORDER (OVERDAMPED)

* Initial slope of step response

1st order: y®0) = Ilm{ S Y(s)} = L'@ Ttiﬁi }:Al

) T 2 —
2nd order: y¢(0)—5|g11{5 Y} = S e el

 Shapeofthecurve(Convexity)

1st order: y&t)=- Ke'" <0 (For K >0) P Noinflection
¢ t/t -t/t2
ond order: yet) = - A (& &
ti1-t2 ta t

(+® - ast-) P Inflection
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2\P ORDER PROCESSES

« Two tanksin series ol
— If v,=v,, critically damped. x L
— Or, overdamped(no oscillation) A J'
C.(5) __ 1 A L
Ca(9 (M @)s+1)((V,/q)s+1) V2
» Spring-dashpot(shockabsorber)
— By forcebalance i
(mg+ f(t))- ky- cv=ma [ M [ |i

my®= - ky- cy+(mg+f (t)) %1 Il

) — Spriny ? Pl L i|:| ‘:hock.l\bsim B
;Y y‘”y Y

Z (can be <1: underdamped)
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Underdamped Processes

« Manyexamplescanbefoundinmechanicaland
electricalsystem.

« Amongchemicalprocesses,open-loop
underdamped process is quiterare.

« However,whentheprocessesarecontrolled,the
responsesareusually underdamped.

 Dependingonthecontrollertuning, the shape of
responsewillbedecided.

» Slightovershootresults shortrisetime and often
moredesirable.

 Excessiveovershootmayresultslong-lasting
oscillation.
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« Realpolefrom (t<+]) im4
1

s=-_ _
t y < >
- ot

— Mode: ett -1/t Re

g
— If thepoleisat theorigin, it becomes*integrating pole”

— Ifthepoleisin RHP, theresponseincreasesexponentially.

om (t °S + 22t s+1) (-1<z <J)

3[ t~ ImA
d Jfi-z2n

Z 44—
= 1/ = (functlonof t only) — g >
) Re

As= itan'lE (function of z only)
z

« Complexpo

-—o-lN

z =cosq
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POLES AND ZEROS

N(9) _ K(bmsS™ +lm1s™" +--- Hys +1)
D(s) (aS"+a. 8"+ +as+l)

* Poles (D(s)=0)
— Whereatransfer function cannot be defined.
— Roots of thedenominator of thetransfer function
— Modesoftheresponse
— Decidethestability
o Zero (N(9)=0)
— Whereatransfer function becomeszero.
— Roots of the numerator of thetransfer function
— Decideweightingsfor each mode of response
— Decidethesizeof over shoot or inver seresponse
« Theycanbereal orcomplex

G(s) =
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Modes: ¢%"*°' = ¢*'(cosbt+ j snbt)

J1-z°2 .41z
=g (cost—zti j snt—zt)

Assumet ispositive.

If z <0, theexponential part will grow as t increases: unstable
If z>0,theexponential part will shrink as tincreases. gable
If z=0 ,therootsare pureimaginary: sustainedoscillation

» Effect of zero
N(s) _ 1 1

G(s) = =W, oot W ———
(s+p)---(s+p) " (s+p) (s+p)

— Theeffectson weighting factor sarenot obvious, but it isclear
that the numerator (zer os) will changethe weighting factors.
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EFFECTS OF ZEROS

 Lead-lagmodule

N(s) _ Kt as+1)— Lead

G(s) =

D(s t1S+)—> Lag
— Dependingon thelocation of zero

Y(s) = KM(tas+l) _
stis+1)
@t.>t1>C

Thelead dominatesthelag.

(b)OEL . <t:

Thelag dominatesthelead.

© 0>ta
I nver seresponse
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ta t/tlu

y(t) = KM gl- 8 —ze My

tig 0
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» Otherinterpretation

G(s) = Ktas+]) _ K1 " K>
tis+Dts+1) (is+) (t=s+])
_ K(tas+]) _ Kti-ta) K |49
(tes+D) |_,,, (i-t2) e (tis+) Y(s
_K(tas+l) _Kta-t>) K, }
s+ |_,, (ti-t2) (t=s+1) [Y,09
— Sincet1 >t 2z, lissdow dynamicsand 2 isfast dynamics.
ta>11 t13ta>C ta<C

>
»

vy A S
N K;<0 Ki>0 >
t [ t | t
vt yAt |K2| <e Yo(th ,
K, >0 _ \ K, <0
[ t ~— T t

y(t)p(\ KE <|K: y(tT K4 >IK,
N t

I " I "
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t
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 Overdamped 2nd order+singlezerosystem

N(s) _  K(tas+]

11, tata- ta)

1, tota-tz) 1 4

G
(9= B9~ Ts+ Dt 54D
Y(S) :M = KM
s(t1s+1)(t 2s+1) 1
i

(@ta>t1>0 (assumet: >te)
Thelead dominatesthelags.

(b) 0<ta £11

Thelagsdominatethelead.

() 0>ta
I nver seresponse
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tis+l to-11 tzS+lfv)

20
KM
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EFFECTS OF POLE LOCATION

£ Im(s )4

Unstable Region

Shorter
period of
ill.

Faster response

A 1]

AN Re=(s)

)

period of
oscill.
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EFFECTS OF ZERO LOCATION

Im(s)a
Zero at origin:

Inverse response
Compglex LHP zero: region
2 N F!Va e%

Deeper Asalley
Complex RHP zero:
Dominant Pole

\

.\'\./\/J/ i Re(s)

Real LHP zero:
More More
overdamped |overshoot

inverse response
11— ~——

> 1l mi
(== =

I

Real RHP zero:
Bigger
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