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REPRESENTATIVE TYPES OF RESPONSE

* For step inputs U, Process - Y6)
— t 2,
Y(t) Type of Model, G(s)

Nonzero initial slope,no overshoot or nor oscillation,
1st ordermodel

1st order+Time delay

Underdamped oscillation, 279 or higher order

Overdamped oscillation, 2" or higher order

Inverse response, negative (RHP) zeros

Unstable, no oscillation, real RHP poles

Unstable, oscillation, complex RHP poles

Sustained oscillation, pure imaginary poles

BN
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1°T ORDER SYSTEM

o First-order linear ODE (assume all deviation variables)

t dydf) — - y(t)+ Ku(t) %5 (t s+ DY (s) = KU (<)

Y(S) B K —  » Gain
— » Time constan
U(s) (@s+1) o

e Transfer function:

e Step response: SON
With U (s) = A/'s oA 7(-—
Y(9) = KA 5@ y(t) = KA(1- e') t £
St s+1)

— yt)=KAL- ') » 0.632KA
— KA@L- €")3 0.99KAP t» 4.6 (Settlingtime=4t ~ 5t)
— y€0) =KAe " It L:O =KA/t 1 0 (Nonzeroinitial slope)
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 Impulse response

With U (s) = A
Y(s) = . Efl) 3,5® y(t):#‘e-m

* Ramp response

With U(s) =a/s",

Y(s)= sz(tK:+ 5 %5 y(t)=Ka e +Ka(t-t)

e Sinusoidal response
With U (s) =L [ Asinwt] =w /(s* +w?),
_ KAW
Yie)= (t s+1)(S +W?)

y(t) =

78

(wt """ - wt coswt +sinwt)

wi 2 +1
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 Ultimate sinusoidal response (t® ¥)

i KA o .
Y (t) —!(I@Twzt 2+l(y/{ - Wt coswt +sinwt)

= wthi 1 (- wt coswt +sinwt)

:sin(wt@ (f =- tan"wt )
Phase angle

Amplitude

— The output hasthe same period of oscillation asthe input.
— But the amplitude is attenuated and the phase is shifted.

: 1
Normalized — <1 _ 1
Amplitude Ratio 2 Phase angle = - tan "Wt
AR Jwi 2+1
— High frequency input will be attenuated more and phaseis
shifted more.
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BODE PLOT FOR 1°" ORDER SYSTEM

AR plot asymptote

Wy = 1/r

1 Y —-'& ™

AR (W ® 0) =lim =1 f ]
N ®0 2 - | :

weo w2 +1 :

AR, W ® ¥) = lim—me = o ;
W® ¥ /W2t 2 +1 wit 0.0(1).‘01 0.1 1 10 100

 Phase plot asymptote

Phase angle
¢ (deg)

f (W® 0)=-limtan‘wt =0°

w® 0

f(W® ¥)=-limtan"*wt =-90°

wW® ¥

e |t is also called “low-pass filter”
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1> ORDER PROCESSES

e Continuous Stirred Tank

CAi’qi
dc _ —l / Ch Q
VT,[A = (C, - 4G, L >
Cis)_ aq _ 1 v
Cu(s) Vs+q (V/g)s+l
— With constant heat capacity and densty
d(T - Tr ) To G
rVCp m ef :qup(To'Tref) T / T
_ C _ T .‘
r q p(T ref ) Vv h
() _ q _ 1

T,(5 Vs+q (V/g)s+1
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INTEGRATING SYSTEM

. dﬁt) = Ku(t) %5® sY(s) = KU ()

e Transfer Function: Y(s) — K
U(s) s
« Step Response 0
With U (s)=1/s, t
K Slope=K
Y(9) :?%% y(t) = Kt —>

— Theoutput isan integration of input.
— Impulse response is a step function.
— Non sdf-regulating system
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INTEGRATING PROCESSES

 Storage tank with constant outlet flow
— Outlet flow is pumped out by a constant-speed, constant -

volume pump
— Qutlet flow 1snot a function of head.
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2NP ORDER SYSTEM

e« 2nd grder linear ODE

t° d;i’z(t) + 27t dﬁt) +y(t) = Ku(t) %5® ¢ °s” +2zt sS+1)Y(s) = KU (9)

e Transfer Function:
Y(S) — K > C.Sain
U (S) (tl 252 + 22t S+ 1) Time constant

» Damping Coefficient

e« Step response
— Varieswith the type of roots of denominator of the TF.
« Real part of roots should be negative for stability: Z 3 O
« Twodistinct real roots( z >1): overdamped (nooscillation)
 Doubleroot (z =1 ): critically damped (no oscillation)
o Complexroots( 0£z <1 ): underdamped (oscillation)
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e Casel(z>1) with U(s)=ls

Y(s)= :

K

Case ll (z =1)
K K

St 2s?+2zt s+1)  st,s+1)(t,S+1)

Y(s)=

s(t °s”+ 2 s+1) s(t s+1)°

Case lll (0O£z <]

3,3

W@|y(t) =Kg- (1+t/t)e" j

-th -ty A
1_tze 20

Y50 |y (t) = K o1~ 11
’ y() g (tl'tz) ﬂ

I\’I‘atural frequency

K é 1-z°2
Y(s) = 3,8® |y(t) =K al- e*"" lcosat+—s|nat = )
2.2 U
st ‘s"+24 s+1) a |
1.2 I T T T 1.6 I;= 0T T LN T
B 1.4 |- —
1.0 — 0.4
£=1.0 1.2 ; —
1.5 — 0.6
08~ 1.0
2.0 y 0.8
== 06 7] x OB .
KM 3.0 | KM el B
“r 0.4 — -
0.2 n 02 _
Oo i :3 112 1|e 20 °0 4!# l zla 112 ' 1J6 E—

EIES -
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o Ultimate sinusoidal response
With U (s) = L[ Asinwt],

Y= Wy
(t °s” +t s+1)(s"+w")
KA : 2Z\Wt
t) = sinfwt +f f =-tan™*
)= ey SO € )

— Other method to find ultimate sinusoidal response

For (s+a + jw), y(t) has € ™" and it becomese ™ ast® ¥ (@ >0).

K | | <
G(s) = ¥ 9YR G =
© (t °S* + 2zt s+1) () (-t W)+ 2 jztw
AR=(G(jW)|=| = K
(1-t“w)+ jtw \/(1_ Wt 2)? + (22wt )?
f :AG(jW):tan-l'm(G(iW)) Dyt W

Re(G(jw)) 1- wit?
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BODE PLOT FOR 2N° ORDER SYSTEM

: 1 1
I'm =
®¥

Ja-wi2)2+@zwt)?  (w )’

« AR plot AR\ W ® ¥)

= |
w

. 4o2Zwt 1-2Z _ 0
« Phase plot fw® ¥)—-vlvl®r[£1tan1m—llmtanl =-180

W® ¥ -Wit

* Resonance : R o Resonance

d(AR,)/dw =0 TN T 05 _
J-22 7

W = _

3 E 0.01E
max t 0.0001 :_.I_.L.IJ.I.LHLL_u_ou I luu.u.| L1111 0.001 Lt 1sui AT
0.01 0.1 : 0.0t 0.1 1 10 100
wT
for 0<z <0.707
O AL T TTTHIN T Trrmm LB BLARELLS O . - T LR
—45 E\ —45 |- —]
The amplitude of output .
. . . . -90 — — —|— — — —— — — ¢ -90
oscillation is bigger (deg) y
than that of input when -135 i 1\\2§5 e =02 08 |
-180 Lo diie [NEBETIT AR -180 NS TR ARt T — TR
the resonance occurs . T ; P TR n ” e
T wT
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1ST ORDER VS. 2ND ORDER (OVERDAMPED)

* [nitial slope of step response

KAs KA
1st ord 0)=1 Y —I —10
order: y§0) |m{s (s)} im Corl 1
2nd order: y§0) = Ilm{ s°Y (s)} = lim RAS =0

s©¥t °S+ 27t S+1
 Shape of the curve (Convexity)

1st order: y&t) =- Ke'"' <0 (For K >0) b Noinflection

-t/ta -t/t2
2nd order: y&t) = - KA (e _ € )
t1-12 11 to

(+® - ast-) b Inflection
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CHARACTERIZATION OF SECOND ORDER
SYSTEM

e 2" grder Underdamped response
— Risetime (t,)
t =t (np- cos'z)/\1-z% (n=1)
— Timeto 1% peak (t)
tp =tp /,/1- 2°
— Settlingtime (t)
ts » -t /z In(0.05)

VLR TN

— Overshoot (O9) tp 2p 3p

OS= a/b:exp(-pz/\/ﬁ) VI-z® 1z' Lz
— Decay ratio (DR): afunction of damping coefficient only!
DR=c/a= (OS)’ :exp(- 207 /\/1-7)
— Period of oscillation (P) P = 2pt /\/ﬁ
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2N ORDER PROCESSES

« Two tanks in series %v

— If v,=v,, critically damped. —/

— Or, overdamped (no oscillation) Vv, _l
C.(s) __ 1 L °~3
Ca (9 ((V1/ Q)S+1)((V2IQ)S+1) Va

e Spring-dashpot (shock absorber)

— By force balance "
(mg+ f (1) - ky- ov=ma [ [ 3
W@: ) ky- Cy(+(rrg ¥ f(t)) Spring % 1 'I' | ":hn:-t':l-!."f'.I:uEa:u'iir x:-}:"n

2 X Z //////////////

{ Z (can be <1: underdamped)
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Underdamped Processes

« Many examples can be found in mechanical and
electrical system.

« Among chemical processes, open-loop
underdamped process is quite rare.

« However, when the processes are controlled, the
responses are usually underdamped.

 Depending on the controller tuning, the shape of
response will be decided.

e Slight overshoot results short rise time and often
more desirable.

 EXcessive overshoot may results long-lasting
oscillation.
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POLESAND ZEROS
N(9) _ K(bns™ + b 1S™ +--- +bs+1)

G(S): n n-1
D(s) (anS +ani1S " +---+as+]

 Poles (D(s)=0)
— Where a transfer function cannot be defined.
— Roots of the denominator of the transfer function
— Modes of the response
— Decide the stability
o Zero (N(s)=0)
— Where atransfer function becomes zero.
— Roots of the numerator of the transfer function
— Decide weightings for each mode of response
— Decide the size of overshoot or inverse response

« They can be real or complex
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* Real pole from (t s+1)

t yo

! t

>

ImaA
t ot -
<« —»>
@ >
-1/t Re

— If the poleisat theorigin, it becomes“integrating pole.”
— If the poleisin RHP, the response increases exponentially.

« Complex pole from (t °s®°+ 2zt s+1) (-1<z <1

zij«/l-zz_ b

S=-— =-at]
t t

2 2
z°+1-z 1 .
s :\/ = (functionof t only)

1-z 2
yi

As=+tan’ (function of z only)
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— Modes: @1 =g?'(cosbt + jsinbt)

JlT

zt/t

(cos txjsn

J1-2° 0
t

— Assumet ispogitive.

— If z <0, theexponential part will grow ast increases. unstable
— If z>0 , theexponential part will shrink ast increases: stable
— If z=0 ,therootsare pureimaginary: sustained oscillation

« Effect of zero

N(S) _ 1
_W1 +...+Wn
(stp)---(stp) ~(stp) (s+p,)

G(s) =

— The effects on weighting factors are not obvious, but it is clear
that the numerator (zeros) will change the weighting factors.
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EFFECTS OF ZEROS

« Lead-lag module
2S+
G(S) _ N(S) _ K(t S 1)—» Lead
D(s) (t1S+1)— Lag
— Depending on the location of zero

KM (t as+1) 11 ta-tag é _
= KM KM a1- 8- -2 %
st 15+1) L™ tls+1% y(t) = 81 & '

(@ta>t1>0
Thelead dominatesthe lag.

Y(9) =

(b)0£t a <t 1
The lag dominatesthelead. ..

KM

(C) 0>t 4
| nver se response =
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« Overdamped 2"d order+single zero system

G(s) = N(s)  K(tas+])
" D(S)  (tiS+D(t .S+

KM(tas+D) _0p i1 tita-ts) 1 tofta-te) 1

Y(s) = =KM |
st :s+1)(t 2s+1]) IS ti-t2 tis+l to-t: taos+l
& ta-t1 .y, Ta-T2 U
t)=KM 1+ e 't + e "
y(t 81 t1-12 ta-11 h

(@ ta>t1>0 (assumeti>t2)
The lead dominatesthe lags.

(b) O <t a £t 1
The lags dominate the lead.

0
KM

() 0>ta
| nver se response
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e Other interpretation

aS+
G(s) = K(tas+]1) _ K1 N K>
(t;s+1)(t.s+1) (tis+1) (t.s+])
= K(tas+1) _ K(ti-ta) K Y,(9
(t2s+1) s=-1/t1 (ti-12) U(s) (tis+1) %}Y—(SL
_ K(tas+l) _Kta-t2) Ko
Kz = = >
(tis+1) _y (ti-t2) (t2s+1D) |Y,(9

to

— Sincet1 >t 2, 1lisdow dynamicsand 2 isfast dynamics.

yl(t} t a >t 1

l\ Ki<0 >
t
Yt
r K, >0

| o
Y(t)V\ ‘Kl‘ < ‘Kz‘
| g

V Ki>0

| 0
yz(tL Kal<e
T~ I’
y(t)V
>

ta<O
y,(th >0
>
t
Y,(ta
K><0 >
t
O Kl >|Ka
/ | >
t
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EFFECTSOF POLE LOCATION

A Im(s) A

Shorter

Unstable Region

period of
cill.

IV,

Faster response

<

Faster response

Shortée
period of
oscill.
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EFFECTSOF ZERO LOCATION

Zero at origin:

~—.

Dominant Pole

\

Im(s) A

Complex LHP zero:

T{ Tvalle¥

Deeper

Illey

Inverse response
region

Complex RHP zero:

W

.

MY

e

>
Re(s)

Real LHP zero:
More
overdamped

More
overshoot

< | =

.

V—

Real RHP zero:

Bigger
inverse response

—
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