11.5. Heat Equation: Solution by Fourier Series

8_u vy | e? zﬁ u: temperature, c?: thermal diffusivity
ot po p: density, c: specific heat

u(t,x,y,z)

- Simple case: temp. distribution in a long thin bar or wire: u(t,x)

N _ . 0°u

——=Cc"— Parabolic Eqn. (B>-4AC=0) "
ot ox* x=0 X =L
B.C.s: u(0,t) =0, u(L,t) =0 for all t
I.C.: u(x,0) = f(x) (f(0) =f(L) =0)
- Same procedure as Section 11.3
First Step: Two ODEs
let u(x,t) = FX)G() F'+p°F=0

Second Step: Satisfying the B.C.’s

u(L,t) = F(L)G(t) =0

/

F+p°F=0 = F(x)=Acospx+Bsinpx « apply B.C's: F(0) =F(L) =0

:Fn(x)zsin%x forB=1(n=212,---) (Forn=07? 2F=0nointerest)



G+A,G=0 (k”:anj = G,(t)=B,e™ (n=12)

‘ u,(x,t)= Bn(sin%xje"‘znt (n=12,--)

Eigenfunctions with eigenvalues 4,
(all theterms = 0 astime increases)

Third Step: Solution of the Entire Problem /
: - — . Nm )2 cnr
- General solution: u(X,t) =) u, (x,t)=> Bn(SInije ot (kn = Tj
n=1 n=1

.C.. u(x,O)=iBn(sin%xj:f(x); anﬁ'foLf(x)sianxdx (n=12,--)

(Fourier sine series)

Ex.1~3)
Ex. 4) Bar with insulated ends.: B.C.’s: u,(0,t) = F'(0)G(t) =0, u,(L,t) = F'(L)G(t) =0

F'4p’F=0 = F(x):ACOSpX+)gSian < applyBC's:F(0)=F(L)=0

:Fn(x):cos%x forA=1(n=0,2--) <:| (n includes 0 ')



u,(x,t) = An(cos?) et (A, = chn ,n=012,-)

n

— — nm 2t cnm
1) = (X t)=>» A |cos—x e | A, =—
= )= Zne0= Ao (1=

1.C.: u(x,0) =ZAn(COS%Xj =A, +ZAn(COS%Xj =f (X); (Fourier cosine series)
n=0

n=1

1 2 L nmx
AO_Ejof(x)dx, A, _fjo f(x)cosde (n=12,--)

Steady-State 2D Heat Flow

2 2 2 2
M _2yzy=¢? ag+ag :>atsteadystate:82+al::0(':a—u=0j
ot oxX“ oy oxX“ oy ot

Elliptic Eqn. (B>-4AC<0)




Dirichlet Problem in a Rectangle R Y
u=f(x)
b
u=0 R u=0
1d’°F 1 d°G »

u(x,vy)=Fx)G S — K 0 -

() =FRB) =275y — a
d°F .
d—+kF 0« F0=0Fa=0 = F= F (X) SII’];X (n 1’2’._.)

X

2 2
((jj Cj—(nﬂ:j G=0 = G(y) = Gn(y) :Anenny/a+ Bne_nny/a

y a

From G,(0)=0aty=0: G, (y)=2A, sinhw:,a\’:1 gnhﬂ

a a
) U, (X,y)=A, sinh MY gin X
a a

ux,y) =Y u,(x,y) = > A% sinh ™Y gin
n=1 n=1 a a

a a a

B.C.: U(X,b)=i(A Slnhnibj 'n@' A's hnib 2 (a

nnx
a

f()



11.6. Heat Equation: Solution by Fourier Integrals and Transforms

- In the case of infinite bars: Fourier series - Fourier integrals

2
aa—l: =’ aaTl; (laterally insulated, infinite ends), u(x,0) = f(X) (-e0 < X < 0)

F'+p°F=0 F(x) =Acospx+Bsinpx; G(t)=e°""
G+c’p’G=0 u(x, t; p) = (A cospx + Bsinpx)e "
Use of Fourier Integrals

- f(x): nonperiodic function (p multiples of a fixed number) = use of Fourier integrals
A & B: functions of p, then A(p) & B(p)

u(x, t) :j: u(x, t; p)dpzj: (A(p) cospx + B(p)sinpx)e " tdp

Determination of A(p) and B(p) from the Initial Condition

u(x,0) = j:(A(p) cospx + B(p)sinpx)dp =f (x) = %j: U f (v) cos(px — pv)dv}dp

[ o]
—0o0

(A(p) = % j‘: f (v)cospvdv, B(p)= % j Z f(v)sin pvdvj



u(x,t) = %r f (V)U: &P cos(px — pv)dp} dv

U: e cos2bsds= \/jesz (Iet s> =c’p’t, b

j &Pt cog(px — pv)dp = iﬁexp{ (X4_c;/t ) }

Vo

1 - _(x—v)2
=) u(x,t)—ZC T Lf(v)exp{ : /dv

4ct

(Iet z:(v—x)/(ZC«/f)) u(x,t):% [ f(x+2czy/t)e” dz
g

Ex. 1)

Use of Fourier Transforms
Ex. 2) Temperature in the infinite bar
- Fourier transform w.r.t. X and resulting ODE in t



3(u,) =c*3(u, ) =—c*w?i (et G=3(u)) S A o0
1 (- 1 90~ o o
3(u)=—— j u.e " dx = —— j ue""dx = — G(w, 1) = Clw)e=™
Yo Jop = J2r ot ) ot Uil =

1.C.:0(w,0) =C(w) =f (W) = Q(w,t) =f (w)e*™™

o A 2,2, - 1 ©° —iwv
Inversion: U(X,t)=%j f(w)e™* " 'e"™dw (-.-f(w)=Fj f(v)e dvj
T I T
zzi ) f(V)Ume‘czwztei(wx‘w")dw}dv (Imaginary part: odd func)
Tc —o00 —o0

) U(x,t)= % [ (v)[ [ e costwx - wv)dw} dv

Ex. 3) Convolution method

Starting from: u(x,t) = e Wit Wy o Cwt

1 sw) L
=) fw) G(w) =——=

[useu(x ) =909 = [ F(p)atx - phap= [ f(w)aw)e™cu |



(S(e—aXZ) _ ie_w2/4a — S(e_)(2/402t) _ ZCZte_CZWZ _ /2021: \/ﬁg(w)j

\2a
1 — c%t (See Ex. 2 of Sec. 10.10 for the Fourier transform)
da
A 1 2 2
Inverseof g(w) = g /et
V2¢%t+/ 21

u(x,t) = (f *g)(x) = 20\1/H Eo f(p) exp{_ (X4;2|C;) }dp

Ex. 4) Fourier sine transform applied to the heat equation
A laterally insulated bar from x=0 to infinity, (u(x,0) = f(x), u(0,t) = 0)

aas _ —CZWZOS . Ss(f ”(X)) _ _WZSS(f (X)) + \/E\N/f@
ot &

= Og(w, 1) =f (w)e ™" [f@(w)=ﬁ [T (p)sinwp dp]

_2 = - —c?w?t
u(x,t)—E_"o _[O f(p)sinwpe sinwx dp dw



Example) Heating a semi-infinite slab
a_u — OC& I.C.: u(x,0) =0, B.C.’s: u(0,t) =1, u(eo,t) =0
ot ox*

X
. . =
Define a new variable m

ou  1mdu, 0°u d°u 1

ot 2tdn ox®  dn? 4ot

2
:>d—l;+2n$:0 withB.Cs:u=1an=0, u=0atn=-oo

tn tn

let y = j—u then y = C, exp(-n°), u= Cljj exp(-n°)dn +C,
m

[ exp(-1?)dn

0

u(n) =1--2
[, exp(-m*)dn

—1— %E exp(-1°)dn =1—erf (n)

T

error function
(See Ex. 2 of Sec. 10.10 for the integration of special function)



