
11.5. Heat Equation: Solution by Fourier Series
u: temperature, c2: thermal diffusivity
ρ: density, σ: specific heat

u(t,x,y,z)

 Simple case: temp. distribution in a long thin bar or wire: u(t,x)

B.C.s: u(0,t) = 0, u(L,t) = 0 for all t
I.C.: u(x,0) = f(x)  (f(0) = f(L) = 0)

- Same procedure as Section 11.3

First Step: Two ODEs
let u(x,t) = F(x)G(t)

Second Step: Satisfying the B.C.’s
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Third Step: Solution of the Entire Problem

- General solution: 

I.C.: 

Ex.1~3) 
Ex. 4) Bar with insulated ends.: B.C.’s: ux(0,t) =  F’(0)G(t) = 0, ux(L,t) = F’(L)G(t) = 0         
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(all the terms  0 as time increases)
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Steady-State 2D Heat Flow
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From Gn(0) = 0 at y=0:
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11.6. Heat Equation: Solution by Fourier Integrals and Transforms
- In the case of infinite bars: Fourier series  Fourier integrals

(laterally insulated, infinite ends), u(x,0) = f(x) (-∞ < x < ∞)

Use of Fourier Integrals
- f(x): nonperiodic function (p multiples of a fixed number)  use of Fourier integrals
A & B: functions of p, then A(p) & B(p)

Determination of A(p) and B(p) from the Initial Condition
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Ex. 1) 

Use of Fourier Transforms
Ex. 2) Temperature in the infinite bar
- Fourier transform w.r.t. x and resulting ODE in t
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ûwc)u(c)u(

iwxiwx
tt

22
xx

2
t

∂
∂=

∂
∂

π
=

π
=ℑ

−=ℑ=ℑ


∞

∞−

−∞

∞−

−

Ex. 3) Convolution method
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Ex. 4) Fourier sine transform applied to the heat equation
A laterally insulated bar from x=0 to infinity, (u(x,0) = f(x), u(0,t) = 0)
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(See Ex. 2 of Sec. 10.10 for the Fourier transform)



Example) Heating a semi-infinite slab

I.C.: u(x,0) = 0,  B.C.’s: u(0,t) = 1, u(∞,t) = 0
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Define a new variable: 

error function
(See Ex. 2 of Sec. 10.10 for the integration of special function)


