Chap. 8. Vector Differential Calculus. Grad. Div. Curl

8.1. Vector Algebra in 2-Space and 3-Space

- Scalar: a quantity only with its magnitude; temperature, speed, mass, volume, ...
- Vector: a quantity with its magnitude and its direction; velocity, acceleration, force, ...
(arrow & directed line segment)

Initial and termination point

Norm of a: length of a vector a. lal
=1: unit vector

Equality of a Vectors: a=b: same length and direction.

Components of a Vector: P(x,,y1,Z;) 2 Q(X,,Y,,2,) in Cartesian coordinates.
a=PQ= [Xz — XYoo~ Yo — Zl]:[aliaz’aﬁ]

Length in Terms of Components: \g‘ =\/a12 +a§ +a§

Position Vector: from origin (0,0,0) = point A (x,y,z): r=[x,y,z]



Vector Addition, Scalar Multiplication
(1) Addition: a+b=|a, +b,,a, +b,,a, +b,]

atb=b+a uU+v)+w=u+(Vv+w)

at0=0+a=a a+(-a)=0

(2) Multiplication: ca=|ca,,ca,,ca,]
c(@+b)= ca+cb (c+k)a=ca+ka
c(ka) = cka la=a 0a=0

Unit Vectors:i,j k a=|a,,a,,a;]=ai+a,j+ask
1=

[1,0,0], ]=[0,1,0], k=[0,0,1]

8.2. Inner Product (Dot Product)

Definition: a-b=lallbjcosy  if a#0,b=0
a-b=0 If a=0o0rb=0;cosy=0
3
a-b=ab, +ab, +a3b; =) ab
i=1
a-b=0 (ais orthogonal to b; a, b=orthogonal vectors)

(-l)a=-a



Theorem 1:
The inner product of two nonzero vectors is zero iff these vectors are perpendicular.

Length and Angle in Terms of Inner Product:
length of a:|d =4/a-a
a b

angle btw two vectors: cosy = ab__ a
7 b Jaaybb

Ex. 1) a=[1,2,0], b=[3,-2,1], angle btw a and b ?

General Properties of Inner Products:

g,a+0,b]-c=q,a-c+q,b-c a-b=b-a

D

Jeb
\V]
o

a+bl]-c=a-c+b-c

a-b<fd|b Schwarz inequality
a+b/<|g+b|  Triangleinequality

g+lg\2+\§—lg\2:2q;|‘2+\p\2) Parallelogram equality



Derivation of a-b=ab, +a,b, +asb,
a=al+a,]+ak, b=Dbji+b,]+bsk
i-j=0; 1fori=|
Ofori#|
—a-b= albli_'i_+a1b2i_/fj +a1b3ifk+'”+azbsk'£ =ayb, +a,b, +ab;

Application of Inner Products:

Ex. 2) Work

Ex. 3) Component of a force in a given direction
Ex. 5) Orthogonal straight lines in the plane

Ex. 6) Normal vector to a plane



8.3. Vector Product (Cross Product) v
Definition: v=axDb, Iength:‘y‘:H ‘l_)‘siny _h
In components: v = [V,,V,,V] a
= [aybs-a5h,, agh;-a,bs, a;b,-a,b]

Right-handed triple of vectors a, b, v
1, ], k formaright-handed triple in the positive directions

I ] k
How to memorize above formula: -
axb=la, a, a,
b, b, b,
3
ixj=> gk g, =+1if ijk=123231312
k=1

£ =1 if ijk =321132,213

gy =0 If any twoindicesarealike

General Properties of Vector Products:
(q@)xb=qg(axb)=ax(gb)  ax(b+c)=(axb)+(axc)
(a+Db)xc=(axc)+(bxc)
axc#oxa (vixjjxi)  ax(bxg)#(@xb)xc (- (ixi)xj=ix(ixj)



Typical Applications of Vector Products
Ex. 4) Moment of a force (1)

Ex. 5) Moment of a force (I1)
Ex. 6) Velocity of a rotating body

Scalar Triple Product:

§=[a1,az,a3], Q:[b11b2’b3]’ 9:[01’02’(;3] 1

bxc
a, a, a,
(a b ¢)=a-(bxc)=|b, b, b,
C, C GCj g

\Volume of the parallelepiped with a, b, ¢

(kabo=k@abo a(bxc)=(axb)-c=c-(axh) see matrix expression

Theorem 1: Three vectors form a linearly independent set iff their scalar triple product
IS not zero.



8.4. Vector and Scalar Functions and Fields. Derivatives
- Two kinds of functions
(1) Vector functions: ¥ =V(P) =[V1(P), V»(P), V3(P)] depending on the point p in space.
—> a vector field
In Cartesian coordinates, V(X,Y,2) =[Vi(X,Y,2),V,(X,Y,2), V5(X,Y,Z)]

(2) Scalar functions: f =f(p) depending on p. = a scalar field

Ex. 1) Scalar function (Euclidean distance in space)
Ex. 2, 3) Vector function (Velocity field, force field)

Vector Calculus
- Basic concepts of vector calculus
(1) Convergence: limla,—a=0 or lima,=a (a: limitvector)

N—co N—co

limjv(t)—ul=0 or limy(t)=u

t—t, t—t,

(vector function v of areal variablet has limit u)

Lrp v(t)=Vv(ty) vector function v(t) is continuous at t=t,.
0

V(1) =[vy(t), v, (1), v5(t)] = vi (D)1 + v, (1)) + V5 (DK
three components are continuous at t,,.

(2) Continuity: tl



Derivative of a vector function

Definition: _
v (t) = lim A0~ V()
- At—0 At

V() =[vy (1), v, (1), v (1)]
Derivative V' (1) is obtained by differentiating each component separately.

(cv)=cv'  (v+uf=v+u  (u-v)=uwv

(Uxvi=uxv+uxy' (U wi=(u' v w)+(u v w)+(u v w)

Partial Derivatives of a Vector Function

V(t) =[Vvy, Vo, V3] =Vii +V, ]+ V3K differentiable functions of n variables, t,, ...

Partial derivative of v:
2 2 2 2
a\_/:avli_+av2j+avgk v _ 9V, i_+av2 j+av3K
ot, ot ot - o, dtot, oot otot,. - oot




