Chap. 9. Vector Integral Calculus. Integral Theorems

- Green, Gauss, Stokes theorems ...
9.1. Line Integrals
b
- Line integral (or curve integral): j f (x)dx
a

Definition and Evaluation of Line Integrals

[_F-dr=["Fr(t) %dt (curve C = path of integration: r(t) = x(¥i +y(t)j + z(k)

(every path of integration of a line integral = piecewise smooth)
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ex.) Work done by a force F in a displacement along C i

Fig. 200. Oriented curve



Ex. 1) Evaluation of a line integral in the plane
\T

F(r) =—yi —xy], r(t) =costi +sint]

F(r(t)) =—sinti —costsintj, r'(t) =—sinti +cost| \
[ E@-dr= [ Be() -t = [ (sin®t - cos’ tsint)et L
c—\- - q dt — 0 Fig. 201. Example

Ex. 2) Line integral in space
F(r)=zi +x]+yk, r(t) =costi +sint]+3tk, r'(t) =—sinti + cost] + 3k
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Fig. 202. Example 2

- Choice of representation ?
- Choice of path ?

Ex. 3) Dependence of a line integral on path (from A(0,0,0) to B(1,1,1))
F(r) =5zi + xyj+x°zK, ry(t)=ti+tj+tk (0<t<1), r(t) =ti+tj+t°k (0<t<1)

' . 2, 13y _ 37 —

(8 | F(@)-dr=| (5t+t*+t)dt== Lineintegral dependson
o 0 12 g

(b) ' F(r)-dr = _[1(5t2 +t2+2t°)dt = 28 - Endpoints A, B of the path
= 0 12 - path




- Conditions for guaranteeing independence of the path: see Section 9.2

Motivation of the Line Integral: Work Done by a Force
AW,y = F( () - [F(tn,0) = 1(t) [= B(E(E)) - 1' (8 )AL,

Sum of these n works: W_ =AW, +---+ AW Nn—>o. = line integral

n-1 "'

Ex. 5) Work done equals the gain in kinetic energy

W= Fdr= [ Fr()- St = [ Fr) vt
F=mr"(t) =mv'(t)

b b
W= my-vdt= J.a m(:j'dt =—|v

Other Forms of Line Integrals
Special cases of line integral when F=F,i or F,j or F;k = _[C Rdx, IC Fdy, _[C Fdz

[f@at=[T et (F=Fi=1=Fx)

EX. 6)



General Properties of the Line Integral

.' kE-dgzkj F-dr

(F+G :der+ G-dr

CE.d[_ F-dr+| F-dr //
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Fig. 204. Formula (8c)

Theorem 1: Direction-preserving transformations of parameter
Any representations of C that give the same positive direction on C also yield the
same value of the line integral.
dr dt
dt' = j
dt dt

Proof: ICE([*).d[*_I {F(r
- [F (o) %dt - [ Far




