Further Applications of Green’s Theorem
Ex. 2) Area of a plane region

F=0F =X :>”dxdy:£:xdy; F=-y,F =0 :>”dxdy:—§cydy
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-in polar coordinates: X=rcos0,y=rsnd = A = —Sgrzde
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Ex. 4) Double integral of the Laplacian of a function 4
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dx du aw dx aw dy
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9.5. Surfaces for Surface Integrals

Representations of Surfaces (V)
Surface S: z=f(x,y) or g(x,y,z)=0 r(t) -

Parametric representations:
r(u,v) =x(u,v)i +y(u,v)j+z(u,v)k; (u,v)inR ot

Ex. 1) Circular cylinder u
X°+y‘=a’-1<z<1
r(u,v)=acosui +asinuj+vk, O0<sus<2m,-1<v<l
Ex. 2) Sphere
X*+y*+2z°=a’°
r(u,v) =acosvcosui +acosvsinuj+asinvk, 0<u<2r,—-n/2<v<n/2

Ex. 3) Circular cone

Z=+/X*+y?,0<z<H

r(u,v)=ucosvi+usinvj+uk, O0<us<H,0<v<2n



Tangent Plane and Surface Normal

- Normal vector of S at point P L tangent vector of S at P
() =r(u(t),v(v)

. dr oar , or , ,
['=—=—U+—=V'=r u+r v
dt odu ov

\TJ IS

(r,/and r;": tangent to S at P)
- Normal vector N of Sat P: N

=r,xr,#0
. 1 1
- Unit normal vector n: N=+—N= Iy —Vg (9(x,y,2)=0)
N> [ \_\
Ex. 4) Unit normal vector of a sphere
gx,y.2) =x*+y’ +2° ~a’ =0=>n(x,y.2) =i+ j+ K
a - a

9.6. Surface Integrals

- Surface integral over S: ”E-g dA = ”E([(U,V)) -N(u,Vv) dudv
S R
\ (n dA = n|N| dudv = N dudv)
Normal component of F
(e.g., E=pv: mass flux across S) = “Flux integral”



F=FRi+FRj+Fk HE-Q dA = [[(F, coso.+ F, cosp + F, cosy)dA
N = cosai + cospj + cosyk

S

[(FN, + F,N, + F,N, )dudv
R
Ex. 1) Parabolic cylinder S: y=x2,0<x<2,0<z<3

v =F = (322, 6, 6x2)

S:r=(u,u%,v) (0Su<2,0<v<3)
[u — (].,ZU,O), [v — (01011)’ N :£u x[v — (2U,—1,0)

["[F- N dudv = [ ["(6uv? - 6) ducv = 72

- Integral depends on the choice of the unit normal vector n.
- Integral over an oriented surface S

Theorem 1: Change of orientation

The replacement of n by —n corresponds to the multiplication of the integral by —1.



Another Way of Writing Surface Integrals

j j F, cosadA = Fdydz, j j F, cosPdA = j j F,dzdx; j 'f F; cosydA = j _[ F;dxdy
S S S 3

S S

= [[F-nda = [[(Rdydz-+ F,dzdx + Fydxdy)
S

S

[ .FS COSYdA = ‘ .FS(X,y, h(le)) dXdy for COSY> O’ Z= h(X’y)

S R

[ F, cosydA = —[[Fy(x,y,h(x,y)) dxdy for cosy<0,z=h(x,y)
J; z
Ex. 4) Parabolic cylinder S: y=x2,0<x<2,0<z<3,v=F=(3z% 6, 6x2)
S:r=(u,u%,v) (0Su<2,0<v<3)
r,=@2u,0), r,=(001), N=r,xr, =(2u,—10) =(2x,-10)

_[03 j04322dydz — _[02 _EGdzdx =72

Surface Integrals Without Regard to Orientation

j j G(r)dA = j j G(r(u,v)) |N(u,v)|dudv
’ " (dA =|N| dudv)

Area of A(S) of S:
A(S =”dA :_” r,xr,|dudv
S R



EX. 5~7)

Representation z=f(x,y). S: z=f(x,y) =2 r = (X,y,z) = (u,v,f)
IN|=[r, xr | =[[= o =f 2] =1+ 12 +72

[[emda=[[c.y.f(xy) ‘\/1+ (9f /ox ) + (3F /oy )| dxdly

S

s=]

J1+(3f /ax)? + (of /oy )? | dxdly

(R*: projection of S into xy plane)




