Some Reviews and Exercises on Sections 9.1. ~ 9.6.
Section 9.2. Line integral independent of path _
Line integral independent of path: End points

of o <
f(X,y); df——dx+a—ydy:de+Qdy:>j (Pdx + Qdy) =f (B) —f (A)

exact differential

_ _ oP 8Q
Test for path independence in plane: @ o
Ex.) .C(y2 —BXy + 6)dx + (ny— 3x2)dy, A(-10) — B(34)
+(3.4)
dixy? — 3x%y + 6x )=—-36 _
J(10) ( y y ) / VxF=0
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Test for path independence in space: J.C Pdx + Qdy + Rdz; & X9z X oz dy

Section 9.4: Green’s Theorem

H[aai yjd dyf, (R + Fy)

H(YXE)' kaxdy=p F-dr (E=Fi+F)) Positive direction
R




EX.) ﬁ(x2 —y?)dx + (2y —x)dy: Cbounded withy=x° & y=Xx> R (1,1)
C

= L [(-1+2y)dA = j;j (—1+ 2y)dydx = ~11/ 420 y=x3

Ex.) §S(x5 +3y)dx +(2x —€")dy: C:(x=D%+(y—-5)2=4
C

:LJ(Z—S)dAz—_LIdAz—

C,:x5+y*=1
EX. ) F= (~16y +Sinx2)i + (4¢ +3x2); W = §F-dr
C
Cyiy=- Cy=
:§(_16y+sinx2)dx+(4ey+3x2)dy=H(6X+16)dA Y Sy
3n/4

j y j (6rcos6 +16)rdrdo = 4w

Region with H(::Ies H-[E)F aF]dA— ,F[j dA+_U
1 1

= §§ Fax + F,dy + § Fdx + F,dy = §§ Fadx + F,dy
C C C

(C=C,uC,)



E
x) §£ de+( 2X 2de; C=C, LG, “
X% +y* X“+y R/~ A
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oF, _dR _ yz X22:continuouson region R - ™
oxX oy (X +y ) (at origin?) C 'x2+y2—1
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§( Jax+( Jay= [[(ma=0

C

C, F, and F, have continuous first partial derivatives such that

oF, R
oxX oy
§(Fldx +F,dy)+ jS(Fldx +F,dy)=0= jS(Fldx +F,dy)= §(Fldx +F,dy)
C, -C, C, C,

Section 9.6. Surface Integrals
Integrals of vector fields: ”F ndA = “‘F(r(u v))-N(u,v) dudv ~ “Flux mtegral

Vg 3
EX) F(x,y,2) =zj+zk, g(xyz) 3x+2y+z 6=0, n==
Vg f «F «F
2 03-3x/2
f|ux=jS (F-n)dA—rH:B dA—ﬁjojo 3(6— 3x — 2y)/14dydx =18



Method of evaluation for surface Integrals  z=f(x,y)

j G(r)dA :HG(x,y,f(x,y)) ‘\/1+ (of /ox ) + (of /ay)?| dxdy

“0-]

Projection of S into other planes
y=g(X,z): Egn. of a surface Sthat projects onto a region R" of the xz-plane

”G([)dA =HG(x,g(x,z),z) \/1+ (9g/9x)* +(dg/0z)’
chys)
[Jemda=[[ahty.2).y.2

\/1+ (of /8x)2 +(of /8y)2 dxdy (R*: projection of S into xy plane)

dxdz

J1+(3h/ay)? + (oh/az)?

dydz

EX.) Find the surface area of that portion of the sphere x? + y2 + z2 = a2 that is above
the xy-plane and within the cylinder x2 + y? = b?, O<b<a.

z:fQAOZJéLﬁ@_yZJX:_ X it = y
\/az_xz_yz \/az_xz_yz



B a A7 (a2 2y-12 _ 212
A(S)—Lj\/az_xz_yzdxdy—ajo jo (@ —r?)™?r drde = 2na(a—~'a’ - b?)

EX.) szsz, S:y=2x*+1(0<x<24<7<8)

S
= Iozjszzx/1+16x2dzdx = %(653’2 ~1)
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9.7. Triple Integrals: Gauss’s Divergence Theorem
- Relationship btw. triple integrals and surface integrals

- Triple integrals of f(x,y,z) over the region T

H f(X,y,z)dxdydz or ” f(x,y,z)dVv

Gauss’s Divergence Theorem
- Well used in fluid mechanics, heat transfer, ...

- Divergence: V,F:aFlJran +8F3
T oOX oy 0z

Theorem 1: Gauss’s Divergence Theorem
T. closed bounded region in space, S: orientable boundary surface

V-EdV=]|E-ndA (o i | fS)
_[_T”— Fav _L_[E ndA  (n: outer unit normal vector o

N =cosa. 1+ cosP |+ cosy Kk

oF JOF, OF, B
'[ }[ j v N = ] dxdydz = _Lj(Fl coso. + F, cosP + F, cosydA

= I [ (Fdydz+ F,dzdx + F,dxdy)

S



Ex. 1) | =”(x3dydz+ X “ydzdx + xzdxdy> X°+y°=a’ (0<z<b)

V-F=3x*+Xx°+x* =5x*

= J‘ J. J‘ 5x “dxdydz = I Ob jozn J‘Oa5r2 cos’ Or drdfdz = %nba4

M%dxdydz:js FcosadA, -, jﬂ%dxdydz=g|:3cosydA

See Fig. 231
g(x,y)<z<h(x,y) ((xy) varying in the orthogonal projection R of T in the xy-plane)

maFdedydz jj“g((xyy)’az }dxdy= jj[F3<x,Ty,h(x,y))—Fg(x,Ty,g(x,y)]dxdy

= ” F; cosydA = j j F,dxdy cosy >0 cosy <0
S S

EX. 2) H(7XE—ZK)-DdA; S:x?+y*+2°=4
S

V.E=6, ”jesdv :6[gn23j:64n
T



