
Some Reviews and Exercises on Sections 9.1. ~ 9.6. 
Section 9.2. Line integral independent of path
Line integral independent of path: 

Test for path independence in plane: 

Ex.)  

Test for path independence in space: 

Section 9.4: Green’s Theorem

( ) )A(f)B(fQdyPdxQdyPdxdy
y
fdx

x
fdf);y,x(f

C
−=++=

∂
∂+

∂
∂= 

End points

x
Q

y
P

∂
∂=

∂
∂

( ) ( ) )4,3(B)0,1(A;dyx3xy2dx6xy6y
C

22 →−−++−
( ) 36x6yx3xyd

)4,3(

)0,1(

22 −=+− −

y
R

z
Q,

x
R

z
P,

x
Q

y
P;RdzQdyPdx

C ∂
∂=

∂
∂

∂
∂=

∂
∂

∂
∂=

∂
∂++

0F =×∇

( ) +=







∂
∂−

∂
∂

C 21
R

12 dyFdxFdxdy
y
F

x
F

( ) )jFiFF(rdFdxdykF 21C
R

+=⋅=⋅×∇ 

R

Positive direction

exact differential



  



−=+−=+−=

==−+−

R

1

0

x

x

32

C

22

420/11dydx)y21(dA)y21(

xy&xywithboundedC;dy)xy2(dx)yx(

2

3

Ex.) 

Ex.) 

Ex. )

Region with Holes

 


π−=−=−=

=−+−−++

R R

22

C

y5

4dAdA)32(

4)5y()1x(:C;dy)ex2(dx)y3x(
3

π=θ+θ=

+=+++−=

⋅=+++−=

 





π

π
4rdrd)16cosr6(

dA)16x6(dy)x3e4(dx)xsiny16(W

rdFW;j)x3e4(i)xsiny16(F

4/3

4/

1

0

RC

2y2

C

2y2

xy:C1 =

1yx:C 22
2 =+

xy:C3 −=

R
C1

C2

R1
C1

C2

( ) ( )





+=+++=

+=







∂
∂−

∂
∂

C
21

C
21

C
21

RRR

12

dyFdxFdyFdxFdyFdxF

dAdAdA
y
F

x
F

21

21

R2

( )21 CCC ∪=

(1,1)

(0,0)

y=x2

y=x3



21
C

2222 CCC;dy
yx

xdx
yx

y ∪=








+
+









+
−

Ex.) 

F1 and F2 have continuous first partial derivatives such that

Section 9.6. Surface Integrals
Integrals of vector fields:

Ex.) 
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Method of evaluation for surface Integrals

Projection of S into other planes

Ex.) Find the surface area of that portion of the sphere x2 + y2 + z2 = a2 that is above
the xy-plane and within the cylinder x2 + y2 = b2, 0<b<a.

z=f(x,y)
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9.7. Triple Integrals: Gauss’s Divergence Theorem
- Relationship btw. triple integrals and surface integrals
- Triple integrals of f(x,y,z) over the region T

Gauss’s Divergence Theorem
- Well used in fluid mechanics, heat transfer, …
- Divergence: 

Theorem 1: Gauss’s Divergence Theorem
T: closed bounded region in space, S: orientable boundary surface
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