Unit Operations Chapter 4. Basic Equations of Fluid Flow

Chapter 4. Basic Equations of Fluid Flow

Useful equations in fluid mechanics
- Principles of mass balance (or continuity)
momentum balance  linear
{angular
energy balance
—> Differential forms

Integrated forms

Mass Balance in a Flowing Fluid; Continuity (& & ==X Al, o5 4l)

(Rate of mass flow in) — (Rate of mass flow out)
= (Rate of mass accumulation)
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* Continuity equation for incompressible fluids
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Average velocity, \/

Local velocity U varies across a cross-sectional area S.

)> u=0 J >,
- — \umax
u -

V

The mass flow rate through a differential area: dm = pudS

Total mass flow rate (22 <) m= p[udS

g, volumetric flow rate (M & S22, vs)

— éjudS = a1 volume flux

S

Average velocity (B2 5): |V =
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* Flow through a pipe

Bo 9ot EPE

b &H,

M= paVaSa = PV Sp = PV'S
=

For the case through channels of circular cross section:

Pa\é

PpVp

Mass velocity (& &5

_[ By
Da

5),G:

CHRIAI2t, SHRIGIR G M

- mass flux
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Ex. 4.1) H| = (60°F/60°F)=0.8872! Crude o0il(& ). £t A: 2-in. Schedule 40, 2t B: 3-in. Schedule 40,

2 C= 2+ 1.5-in. Schedule 40 . 2 A2 7 2(q)0l 30 gal/min& [,

(a) mass flow rate m, (b) average velocity \/ , and (c) mass velocity G ?

11 in,
i ) B 2_//.2:
P s s
3 in. I%;\)QT‘{E

(a) mass flow rate
M= pVaSa = pVgSg =20VcSc = oY
=9 2% Appendix 6 (p. 1093) 0| Al 62.37 Ib/ft3
> 372 Y& p=0.887x62.37 =55.3 Ib/ft3
g = (30gal/ min)(60 min/1h)(1ft> / 7.48gal) = 240.7ft3/h

. = 240.7t3/h x 55.31b/ft> =13,3001b/h
— mat A=mat B=13,300lb/h, m at C=6,650Ib/h

Il

201l A1 2
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(b) Average velocity

2F 2to| T A Appendix 3 (p. 1090) 0l A
S,=0.02330 ft?, Sg=0.05130 ft?, S.=0.01414 ft

e 240713600 _, oot Vi - 240713600 _, a0 Ve - 240.7/3,600 _ , pecro
2 0.0233 0.0513 2x0.01414
(c) Mass velocity
Gy=—), Gg=—, Gc =——
S Sk 2Sc
A= 13,300 _ 521 oooibrfth, Gg = 13300 _ 559 0001brft2h, G = _ 13300 _ 476.0001b/ft2h
—"0.0233 0.0513 2x0.01414
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Differential Momentum Balance; Equation of Motion (

(Rate of momentum accumulation) = (Rate of momentum entering) -~ (4.16)
— (Rate of momentum leaving) + (Sum of forces acting on the system)

(T eelz+ a2
Z4 (X+AX, Y+ Ay, 2+ Az)
(shear stress) — i
? \ ‘T?-.l b:.- Ay
T I
X2\ (normal stress) TR
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i ? TR
7 i lmply
XX }.l T | W e e i S l\.
"1\\_
/ AN
",
04 Ul-%ok
(x. ¥ 2]
{r;r]:

T

X component of momentum

*momentumE HE 0|22 (x,y,2) 34 =0 EM
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by convection of bulk flow
by viscous action

* Rate of x momentum in and out {
. Convective flow of x momentum: Eq. (4.17)
AyAz [(,OUU)X o (puu)x+Ax ] +AXAz |_(pVU)y o (/Ovu)y+Ay J+ AXAy[(pWU )z o (qu )2+Az ]
. Flow of x momentum by viscous action: Eq. (4.18)

AyAz l(Txx )x - (Txx )x+AxJ+ AxAz |_(Tyx )y - (Tyx )y LAY J"' AXAyl(TZX )z - (sz )z+Az J

* Forces in the x direction acting on the system from pressure p & gravitational force per mass g:

AyAZ(px o px+Ax)+ pngXAyAZ - EQ. (4'19)

* Rate of accumulation of x momentum:

AXAYAZ o
ot
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2 a2 XA (4.16)0 CHY St = AxAyAz 2 Lt =2st= F otH,
9 =P a,ouu+ﬁ,ovu+g,owu
ot oX \ O oy %)
0 8 a
_(&Txx 6y 02 szj + Py --- Eq. (4.20)

bu_ _@_[&XX + Oty + 5szj+pgx - Eq. (4.21)

p—=-Vp-[V- ]+ pg --- Eq. (4.22)

gitierm
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Unit Operations

Navier-Stokes equations
. equation of motion for a fluid of constant density and viscosity

0| & stress2t velocity gradient2t2| 2t Hl= IS 222 2,

ou ov ov ow
Tl Ty Ty T M ot T T T T M E"‘&

)

> SSYHA@G. 21)0 HYSHH HelstH x 42
2 2 2
pa_u+u6u+vau Wau :_a_p+ﬂ au+a u+au ¥ Py, - Eq. (4.29)
t ox oy oz X x> oy® oz’
yazZ,z820 oA & 22 &8z HsotH
2 2 2
p@+u@+v—+w— =—@+,u v OV, OV y --- Eq. (4.30)
ot ox oz) oy "\ox® oy? oz’
2 2 2
paw+uaw+vaw ow)__op_ [o°w o'w o*w g, —Eq. (431)
ot ox oy oz o1 x> oy’ ozl
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Navier-Stokes Bt M Al S HIE HENZ ES&6HH,

Navier-Stokes equations in cylindrical coordinates:
Egs. (4.33) — (4.35)
Navier-Stokes equations in spherical coordinates:

Egs. (4. 36) — (4.38)

Euler equation
. equation of motion for a fluid of constant density and zero viscosity

N = St OIE %%UI-I—{/\I)

(%, potential flowdil HE& = U =IFSPN
DV
P o -Vp+ g - Eq. (4.40)

- Eq. (4.32)
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Ex. 4.3) A Newtonian fluid confined between two parallel vertical plates

left plate — stationary o vg

",
. Lt

right plate — moving upward at Vv

Laminar flowg [} steady-state velocity profileOi| CH &t &l 2 ?

oV i
=0 o
(£ 0]) steady state > p» 7
y 8o SEHEM > u=w=0 pT”
Vet o YoY_p 7/
oy oz

1 = Al (continuity equation)2 £ £ H,

%+@+%zo — —=0
oXx oy oz oy

Navier-Stokes equation@ £ £ H,

%)fvw j_ , {azv 2;/;7 /{Z/GJ @5 - Eq. (4.30)

/u————pg =0 - Eq. (4.41)

— A9
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Eq. (4.29)2 Eq. (4.31)Z2 FH @:O, @:O
OX 0z
— pe X,
2
yd—;lzd—p+pg (=const.)
X dy \
' A
ve xBHe| gh== pE y[&9| SIES
_ dv x(dp
Eq. (441)8 BE5tH, —-=|- = =C
g. (4.41) ot i y(dy ,Ogj 1
et [ 8 =018 V—X—2 d—p+pg =Cx+C
& A 2= 21 (boundary conditions) v=0 at x=0

V=V, at x=B
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* Couette flow (Plane Couette flow)

When the plates are horizontal
(gravitational force -- negligible)

g=0
W o (r 2mOHA 2RO U2
dx 520/ 4|22)

N-S equation2| x & & 4! (4.29) 0l A

4

o o
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(z“\ia“ w)

oXx oy oz
o2 y
S.o—=0 > u=Cy+C, > u=u,>2
ayz ly 2 T OB
AHEA Y
i Ts F B
= —_S = --- Eq. (4.45
# du/dy A ug 0 (445)
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Macroscopic Momentum Balances (HAIE 252 4=X)

(Rate of momentum accumulation) = (Rate of momentum entering) - (4.16)
— (Rate of momentum leaving) + (Sum of forces acting on the system) '

. : M : momentum flow rate

i i 5
e . (=rhu)
M, | M, o _
: i Steady, unidirectional flow
@) . l
x direction ”;

’ accumulation=0

s 0= Ma — Mb +>F --Eq.(4.46) «<—— from Eq. (4.16)
* Momentum correction factor (2= & 2 &I, S

ForanareadS, dM _d(mu)
dS dS

— M = [, pu®dS = p[.u®dS for all const. p

- 2
‘. momentum flux of whole stream: M _ plu“dS
S S
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Momentum correction factor £ is defined by

B M/S momentum flux of whole stream
= —
oV 2 momentum flux calculated by average velocity
2 2
1.(u fucdS
=— || = dS or = === 450
=5 i(v ) / V'2s (4.50)

T2t M Eq. (4.46)S BI B85 YF =m(4V, - A.V;)

All force components acting on the fluid

1)  pressure change in the direction of flow

2)  shear stress at the boundary or external force on wall
3) gravitational force

/@: PaSa — PoSp +E)-Fy)
=M, - M, / \‘ gravitational force

net force of channel wall on fluid (+ for upward direction)
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* Layer flow with free surface

: i Layer of liquid
= = = = Liquid element
SANHE S =2=SEUAL S SFH oA {contral volume) |
T Plate

(Ot&)
. Newtonian liquid
. Laminar flow
. Steady state
. Fully developed flow
. Film thickness is constant (no ripples)

The breadth of the layer: b
Forces acting on the control volume:
the pre;stlre forces on the ends
{ the shear forces on the upger and lower faces
the force of gravity

>F=0 = Fycosg-7A=0 --- Eq. (4.53)
N N
prbLg bL
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Newtonian liquid2| laminar flow 0|22 ¢ =—y3—l;
[t2tA Eq. (4.53)= —yg—l:: gpr cosg
Ac2lotl HEZ5tH

o du = —Mjg rdr

U
_ pgcosy (52 _ r2) --- parabolic
2p

Total mass flow rate:

= | pubdr - 5°p*hgcosg

Therefore, thickness of the layer:
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Mechanical Energy Equation (Bernoulli equation)

<—— derived by forming the scalar product of V with equation of motion

Consider the unidirectional flows of const. p & u=0

(= Euler equation)

* Energy equation for potential flow (Bernoulli equation w/o friction)

x component of Euler equation (4.40):

ou
e
By multiplying the velocity u

(B ) o g
'Ouat OX oX P9

olu¥2) elu?r2 0
A, ),

OX OX

steady flow

- EQ. (4.64)

gitierm
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* Consider a volume element of a stream tube

, d(u2/2)+1dp+gdz

=0
dx p dx dx
Integrating between points a & b
2 2
Pa 9Z, +u%=&+ 9Zy, 9

Jx =—gCosg,
Z =7, +XC0SgQ,
dZ =cos¢dx

—>cos¢=2—z
X

< from Eq. (4.64)

- Eq. (4.67)

: Bernoulli equation w/o friction (Etl: &< & &S 0l 4 X)
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EX. 4.4) Brine (& ==) in large open tank
HI = (60 °F/°F)=1.15
=22 2 &: 50 mm

_ L 5m
2t =322 brine EEH O] HEl:5m

Brine

- - - . ) ] /r
F | line: negligibl

riction along streamline: negligible D=50 mm |, ]
Big& 0N S==7

(Z01)

]

E1E bz 51U 020

b
S 2| Bernoulli 2!(4.67)2 AIE:

2 2
&+gzb+‘i

1

= a,

ir 4
i
2

Q 0e
0y
iba

Pa Ua
2 4+9Z,+2 =
9434 9

2
Ol A0l ZH pa=pp Uy=0, Z,-Z,=5m S H25IH
1 2

5¢ :Eub S Up =+/5%2x9.80 =9.90m/s

colFREE=2c

e

O A& It 22 (potential flowZ IIE}H 2B Z)
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* Two modifications for practical situations
1) correction of kinetic energy term

i) correction of fluid friction

1) Correction of kinetic enerqy term

. Kinetic energy flow rate (S0l Xl | &), E,

2 3
dE = (puds) - = 22 E

dm

ME5tH E, :%ju?’ds < assume p =const.

1. 3 1. 3
—fu°dS =([u°dS
P luds o]

~ pfuds %S
ﬁ vV :ijuds
S

2
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. Kinetic energy correction factor (2= 0l Xl 2& 1AL, «

u® _aV*® E_[u’dS

2 2 m  2VS

LEHOZ ¢ =2.0 for laminar flow
~1.05 for highly turbulent flow
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i1) Correction of fluid friction

. Fluid friction (= Xl 0tZ), h, (= 0 always)
. all the friction generated between a and b
skin friction (& @ 0} &): generated in boundary layer (Fig. 3.9a)

form friction (2 E} Ot &): generated in wakes (Fig. 3.9b)

. Pump work (& = 21
W, : work done by the pump per unit mass of fluid
ht, : total friction in the pump “ “
Net work to the fluid =W, —hg,

E@Qp (7 <1)

pump efficiency

Wp =g

or n=
p
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* Final form of Bernoulli equation

- Eq. (4.74)

(Ex. 4.5a) and (Ex. 4.6): 22| XtAlet S0/ HHUHZ B = S| HHE.

Related problems:

(Probs.) 4.1,4.3,4.4and 4.8



